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ABSTRACT 

This paper introduces an alternative approach to proving fixed point theorems, by 
passing the conventional iterative method. Instead, we employ sets and intersec-
tions, inspired by Boyd and Wong's concept. Our focus is on multiplicative normed 
spaces, examining three types of contractions: Banach, Kannan, and Chatterjea. The 
key technique involves considering sets of "almost fixed points," which are points 
located within a certain distance from their image. As this distance approaches 1, 
these sets diminish and converge to a single point. Cantor's intersection theorem 
then directly yields the fixed point. We present new formulas that describe the rate 
at which these sets contract for each type of contraction. It is also noted that multi-
plicative normed spaces are essentially regular normed spaces under a different ap-
pearance, so the existence results are not novel but merely rephrased. What is novel 
are the speed estimates. Examples, including an application to a Volterra integral 
equation, demonstrate the findings. 
Keywords:  Multiplicative normed space, Cantor intersection theorem, fixed 
point, contraction, Baire category theorem, diameter estimates, non-iterative 
proof. 
AMS Subject Classification (2020): Primary 47H10; Secondary 54H25, 46B99. 
 

INTRODUCTION 
The construction of successive iterates is a stand-
ard method for establishing fixed points of con-
traction mappings. In this approach, an initial el-
ement is repeatedly transformed by the mapping 
and the resulting sequence is analyzed to obtain 
convergence to a fixed point. Banach-type, Kan-
nan-type, and Chatterjea type contractions are 
among the important contraction classes studied 
within this framework (Chatterjea ,1972). 

A different strategy avoids the explicit construc-
tion of an iterative orbit. Boyd and Wong (1968) 
demonstrated such an approach by using Cantor's 
Intersection Theorem in their treatment of the Ba-
nach contraction principle. Related set-theoretic 
arguments were subsequently considered by Kan-
nan (1969) and Lahiri et al. (2011) in other fixed 
point settings. The central idea is to study suitable 
nested approximate fixed point sets and use their 
shrinking geometric properties to obtain the de-
sired fixed point. 
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Multiplicative Normed Linear Spaces (MNLS), in-
troduced by Chugh et al. (2017), provide a frame-
work in which norm-related concepts can be for-
mulated multiplicatively. Subsequent work, in-
cluding the results of Özavşar and Çevikel (2017), 
has established fixed point results in multiplica-
tive settings through iterative techniques. This 
naturally raises the question of whether the set-
theoretic approach based on approximate fixed 
point sets can also be developed directly in multi-
plicative Banach spaces. 

The present work develops a non-iterative fixed-
point framework within multiplicative Banach 
spaces. First, we establish a multiplicative Cantor 
intersection principle and a corresponding Baire 
category result. We then introduce multiplicative 
approximate fixed-point sets and determine ex-
plicit bounds for their multiplicative diameters 
under Banach, Kannan, and Chatterjea type con-
traction conditions. These estimates are used to 
obtain the existence and uniqueness of fixed 
points through the Cantor intersection property. 
Finally, the resulting framework is applied to a 
nonlinear Volterra integral equation. 

PRELIMINARIES 
Throughout this paper, 𝑆 denotes a linear space.  
Following Chugh et al. (2017), a multiplicative 
norm on  𝑆 is a mapping  ‖. ‖∗: 𝑆 → [1,∞), satisfy 
(1). ‖𝑢‖∗ ≥ 1 , with equality holding strictly when 
𝑢 = 0. 

(2). ‖𝛼𝑢‖∗ = (‖𝑢‖∗)|#| (Power homogeneity)  

(3).‖𝑢 + 𝑣‖∗ ≤ ‖𝑢‖∗. ‖𝑣‖∗ (Multiplicative Sub-ad-
ditivity). 

The pair (𝑆, ‖. ‖∗) is formally recognized as a Mul-
tiplicative Normed Linear Space (MNLS) . The 
multiplicative topology is generated by the multi-
plicative open ball 𝐵$(𝑢) = 	 {	𝑣 ∈ 𝑆 ∶ 	 ‖𝑢 − 𝑣‖∗ 	<
𝜖	}, 	𝜖 > 	1. equivalently, 𝑢	 ∈ 	 𝐴̅ if and only if there 
exists a sequence {𝑢%} 	⊂ 	𝐴 with 𝑢% →∗ 	𝑢. 

A sequence {u&} in 𝑆  is   multiplicative con-
verges to 𝑢 ∈ 𝑆 (written 𝑢% →∗ 𝑢) if for every ϵ >
1 , there exists N ∈ ℕ		such that ∥ 𝑢% − 𝑢 ∥∗< ε for 
all n ≥ N. Or if  ∥ 𝑢% − 𝑢 ∥∗→ 1 as 𝑛 → ∞. 

 And it is multiplicative Cauchy, if ∥ 𝑢% − 𝑢' ∥∗→
1 as  𝑛,𝑚 → ∞; i.e., for every ϵ > 1, there ex-
ists N such that ∥ 𝑢% − 𝑢' ∥∗< 𝜖 for all n,m ≥ N. 
Or if  ∥ 𝑢% − 𝑢' ∥∗→ 1 as 𝑚,𝑛 → ∞. 

An MNLS 𝑆 is said to be a Multiplicative Banach 
space, if every multiplicative Cauchy sequence 
converges to a point in S. These notions are stand-
ard and may be found in Chugh et al. (2017). 
For later use, we also recall the notion of multipli-
cative nowhere dense sets. A subset A ⊆ 𝑆 is called 

multiplicatively nowhere dense if the interior of 
its multiplicative closure is empty. 

The following proposition establishes the connec-
tion between multiplicative and classical normed 
spaces and serves as the foundation for the subse-
quent results. 

Proposition 2.1. Let (𝑆, ∥⋅∥∗)	be a multiplicative 
normed linear space. Define ‖𝑢‖ = 𝑙𝑛‖𝑢‖∗. 
Then ‖. ‖ is an ordinary norm on S. Moreover: 
1. Multiplicative convergence is equivalent 
to ordinary norm convergence;  
2. Multiplicative Cauchy sequences are pre-
cisely the ordinary Cauchy sequences;  
3. Multiplicatively closed subsets coincide 
with closed subsets in (𝑆, ‖. ‖);  

4. (𝑆, ∥⋅∥∗)	 is multiplicatively complete if 
and only if (𝑆, ‖. ‖) is a Banach space.  
The above correspondence allows classical topo-
logical arguments to be interpreted in the multi-
plicative setting while preserving the multiplica-
tive formulation adopted throughout this paper. 
The subsequent sections develop multiplicative 
versions of Cantor's Intersection Theorem and the 
Baire Category Theorem that are used to obtain 
the quantitative diameter estimates for multipli-
cative contractions.	

MULTIPLICATIVE CANTOR AND 
BAIRE THEOREMS 
In this section, we establish multiplicative ver-
sions of Cantor's Intersection Theorem and 
the Baire Category Theorem, which provide 
the principal topological tools for the fixed-point 
results developed later. Although these results 
correspond to their classical counterparts through 
Proposition 2.1, direct multiplicative proofs are 
presented to preserve the multiplicative frame-
work and to facilitate the diameter estimates es-
tablished in Section 4 

Definition 3.1 (Multiplicative Diameter). 
Let 𝐴 be a nonempty subset of an MNLS  S. The 
multiplicative diameter of 𝐴, denoted by 𝛿'(𝐴) 
and is defined as  δ((A) = 𝑆𝑢𝑝{∥ 𝑢 − 𝑣 ∥∗: u, v ∈
A}. Equivalently δ((A) = 𝑆𝑢𝑝),+∈- ∥ 𝑢 − 𝑣 ∥∗. Ob-
serve that δ((A) ≥ 1. 

Lemma 3.2. For 	A ⊆ B ⊆ 𝑆, 

1.   A ⊆ B, then δ((A) ≤ δ((B). 

2. δ((A) = 1 if and only if A consists of ex-
actly one point. 

3.  A Sequence  {𝑢%} is multiplicative Cauchy 
iff  δ(({𝑢%: 𝑛 ≥ 𝑁}) → 1 as n → ∞. 
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4. 	δ((AW) = δ((A), where AW denotes the 
multiplicative closure of A (i.e., A together with all 
its multiplicative limit points). 
Proof. The assertions follow directly from the 
definition of multiplicative diameter, the multipli-
cative norm axioms, and the continuity of the 
multiplicative norm.  

Lemma 3.3   

Let (𝑆, ∥⋅∥∗) be an MNLS and let B.(𝑢/) be a mul-
tiplicative closed ball with centre 𝑢/ and ra-
dius ϵ > 1. Then: 

1. δ((BW0(𝑢/))) ≤ ϵ1. 

2. If  (ϵ&)	n ∈ ℕ	is a sequence of real num-
bers such that ϵ& > 1 for all n and  lim

%→3
ϵ% = 1	 

(denoted ϵ& → 14 in ℝ), then δ((B.!(𝑢/)) →
1	(in ℝ). 
Proof. Both statements follow immediately from 
the multiplicative triangle inequality.  
Theorem 3.4 (Multiplicative Cantor Inter-
section Theorem). 

Let 𝑆 be a multiplicative normed linear space 
(MNLS). Then S is multiplicatively complete (i.e., 
a multiplicative Banach space) if and only if every 
decreasing sequence of nonempty multiplicatively 
closed subsets  

𝐹5 ⊇ 𝐹1 ⊇ ⋯ 

Satisfying  	lim
%→3

𝛿'(𝐹%) = 1,  has a unique common 
point. 

Proof. Suppose 𝑆	is multiplicatively complete. 
Let {𝐹%}  satisfy the hypotheses of the theorem.  
Since each 𝐹% is nonempty. Choose 𝑢% ∈ 𝐹%		. Since 
𝑢%, 𝑢' ∈ 𝐹%  whenever ≥ 𝑛 , ‖𝑢% − 𝑢'‖∗ ≤
𝛿'(𝐹%) → 1. Hence {𝑢%}  is multiplicatively Cau-
chy, so 𝑢% →∗ 𝑢  for some ∈ 𝑆 .  Fix 𝑘 ∈ ℕ, for every 
𝑛 ≥ 𝑘, the choice of 𝑢%  gives 𝑢% ∈ 𝐹% ⊆ 𝐹6	As each 
𝐹6  is multiplicatively closed and 𝑢% →∗ 𝑢  , we ob-
tain  𝑢 ∈ 𝐹6. Because  𝑘 is arbitrary, 	𝑢 ∈ ⋂ 𝐹%3

%75 . 
Suppose  𝑢, 𝑣	 ∈ ⋂ 𝐹%3

%75  , then for every 𝑛, ∥ 𝑢 −
𝑣 ∥∗≤ 𝛿'(𝐹%). Let 𝑛 → ∞	. Since 𝛿'(𝐹%) → 1   , we 
get   ∥ 𝑢 − 𝑣 ∥∗≤ 1, Since every multiplicative 
norm is at least 1 we obtain ∥ 𝑢 − 𝑣 ∥∗= 1, and 
hence 𝑢 = 𝑣. So, the intersection is a singleton.  

Conversely, assume 𝑆	satisfies the Multiplicative 
Cantor Intersection Property. Let {𝑢%} be a multi-
plicative Cauchy sequence. Define  𝐴% = {𝑢%, 𝑢%45
, … } and let 𝐹% = 𝐴̅% . Then establish, one at a time: 
𝐹%45 ⊆ 𝐹%, 𝐹% ≠ ∅	and 𝐹% is multiplicatively closed, 
𝛿'(𝐴%) → 1. 𝛿'(𝐹%) = 𝛿'(𝐴%cccc) = 𝛿'(𝐴%) → 1. By 
the Multiplicative CIP, ⋂ 𝐹%3

%75 ≠ ∅. Choose ∈
⋂ 𝐹%3
%75 .  Let 𝜖 > 1. Since 𝛿'(𝐹%) → 1, there exists 

𝑁 such that 𝛿'(𝐹8) < 𝜖. For every 𝑛 ≥ 𝑁, 𝑢% ∈ 𝐹8  
and also 𝑢 ∈ 𝐹8. Therefore, ∥ 𝑢% − 𝑢 ∥∗≤ 𝛿'(𝐹8) <

𝜖.  Thus 𝑢% →∗ 𝑢. Hence 𝑆is multiplicatively com-
plete.  

Lemma 3.5: A subset  D ⊆ S  is multiplicatively 
dense in S (i.e., DW = 𝑆) if and only every nonempty 
multiplicatively open subset of  S intersects 𝐷. 
 Proof: This follows directly from the definition 
of multiplicative closure.  
Theorem 3.6 (Multiplicative Baire Cate-
gory Theorem) 
Every multiplicative Banach space is of second 
multiplicative category; equivalently, it cannot be 
represented as a countable union of multiplica-
tively nowhere dense subsets. 

Proof. Assume, to the contrary, that  𝑆 =
⋃ 𝐴%3
%75 , where each 𝐴%  is multiplicatively no-

where dense. We construct inductively a decreas-
ing sequence of nonempty multiplicatively closed 
balls {𝐵%} such that B& ∩ A&cccc = ∅, for  𝑛 ∈ ℕ	. Since 
A5ccc has empty interior, there exists a multiplica-
tively closed ball 𝐵5 ⊆ S ∖ A5ccc. Suppose 𝐵%  has 
been constructed. As A&45cccccc also has empty interior
. Hence there exists a multiplicatively closed ball 
B&45 ⊆ B&\A&45cccccc . chosen so that its radius 𝜖%45 >
1 satisfies 𝜖%45 ↓ 1 (monotonically decreasing se-
quence converges to 1). Thus {𝐵%}  is a decreasing 
sequence of nonempty multiplicatively closed 
balls. By Lemma 3.3,𝛿'(𝐵%) < 𝜖%1 → 1. Therefore, 
Theorem 3.4 yields   ⋂ 𝐵%3

%75 ≠ ∅ .  Choose 𝑢 ∈
⋂ 𝐵%3
%75 . Since B& ∩ A&cccc = ∅. we have 𝑢 ∉ 𝐴%for 

every 𝑛	, ontradicting  𝑆 = ⋃ 𝐴%3
%75 . Hence 𝑆  can-

not be expressed as a countable union of multipli-
catively nowhere dense sets.  

MULTIPLICATIVE APPROXIMATE 
FIXED-POINT SETS AND DIAMETER 
ESTIMATES 
In this section, we introduce multiplicative ap-
proximate fixed-point sets associated with multi-
plicative contractions. We establish their basic 
properties and derive explicit diameter estimates 
for Banach, Kannan, and Chatterjea type contrac-
tions. These estimates constitute the principal 
technical contribution of this paper. 
Definition 4.1 (Multiplicative contrac-
tion). 

Let (𝑆, ∥⋅∥∗) be a multiplicative normed linear 
space. A mapping T: 𝑆 → 𝑆 is called  
(1).   Multiplicative Banach-Type Contraction if 
there exists a constant α ∈ (0,1)	such that 

∥ T𝑢 − T𝑣 ∥∗≤ (∥ 𝑢 − 𝑣 ∥∗)9		,			∀𝑢, 𝑣 ∈ 𝑆. 

 (2) Kannan-Type Contraction, if there exists 𝛼	 ∈
	(0, 5

1
 ) such that ∥ T𝑢 − T𝑣 ∥∗≤ (∥ 𝑢 − 𝑇𝑢 ∥∗. ∥ 𝑣 −

𝑇𝑣 ∥∗)9		,			∀u, v ∈ S. 
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(3) Chatterjea-Type Contraction if there exists 
	𝛼 ∈ 	 (0, 5

1
 ) such that  ∥ T𝑢 − T𝑣 ∥∗≤ (∥ 𝑢 − 𝑇𝑣 ∥∗. ∥

𝑣 − 𝑇𝑢 ∥∗)9		,			∀𝑢, 𝑣 ∈ 𝑆. 
Lemma 4.2 Every multiplicative Banach-type 
contraction is multiplicatively continuous. 

Proof: Assume 𝒖𝒏 →∗ 𝒖, so ∥ 𝒖𝒏 − 𝒖 ∥∗→ 𝟏. By 
the multiplicative contraction property, 

∥ T𝑢% − 𝑇𝑢 ∥∗≤ (∥ u& − u ∥∗)9.  Since,  ∥ 𝑢% −
𝑢 ∥∗→ 1, we obtain  ∥ 𝑇𝑢% − 𝑇𝑢 ∥∗→ 1. Hence  Tu&
→∗ Tu. 
Remark 4.3. Continuity does not generally fol-
low from the Kannan or Chatterjea contraction 
conditions. Therefore, continuity is assumed in 
Theorem 5.1 to ensure that the approximate fixed-
point sets are multiplicatively closed. 
Definition 4.4 (Multiplicative Approxi-
mate fixed-point set). 

Let (𝑆, ∥⋅∥∗)	be an MNLS and T: 𝑆 → 𝑆	a mapping. 
For any ϵ > 1, define 

A.(𝑇) = {𝑢 ∈ S: ∥ 𝑢 − T𝑢 ∥∗≤ ϵ}. The set A.(𝑇) is 
called the multiplicative approximate fixed-
point set. 

Lemma 4.5 (Properties of 𝐴0(𝑻)) 

Let  T: 𝑆 → 𝑆 be a multiplicative continuous. As-
sume that A.(𝑇) ≠ ∅  for every  𝜖 > 1. Then 

(1) A.(𝑇) is multiplicative closed 

(2) If 1 < ϵ5 < ϵ1 then A."(𝑇) ⊆
A.#(𝑇) 

Proof: 

(1) Multiplicative Closedness. If 𝑢% ∈
A.(𝑇) and 𝑢% →∗ 𝑢 (i.e. ∥ 𝑢% − 𝑢 ∥∗→ 1), multipli-
cative continuity of T and the norm gives ∥ 𝑢 −
𝑇𝑢 ∥∗= lim

%→3
∥ 𝑢% − 𝑇𝑢% ∥∗ ≤ ϵ. Thus u ∈ A.(𝑇). 

(2) Nesting. If 1 < 𝜖5 < ϵ1  and u ∈ A."(𝑇) ,then∥
𝑢 − 𝑇𝑢 ∥∗≤ ϵ5 < ϵ1, so 𝑢 ∈ A.#(𝑇).Hence A."(𝑇) ⊆
A.#(𝑇) . 

Theorem 4.6 (Diameter Estimates for Mul-
tiplicative Contractions) 

Let T: S → S	a mapping satisfying one of the three 
contraction conditions form the definition 4.1. 

For  ϵ > 1, let   𝐴0(𝑇) = {u: ∥ u − Tu ∥∗≤ ϵ}. Then 
the multiplicative diameter of 𝐴0(𝑇) satisfies 

𝛿'(𝐴0(𝑇)) ≤ s
𝜖

1
5;#,						(>?%?@A)

𝜖141# , (𝐾𝑎𝑛𝑛𝑎𝑛)	

𝜖	(
141#
5;1#	), (𝐶ℎ𝑎𝑡𝑒𝑟𝑗𝑖𝑎)

 

consequently, if  ϵ& → 14, then δ((𝐴0(𝑇)) → 1	(or-
dinary convergence in ℝ). 

Proof: Let , 𝑣 ∈𝐴0(𝑇). Then ∥ 𝑢 − 𝑇𝑢 ∥∗≤ 𝜖 and ∥
𝑣 − 𝑇𝑣 ∥∗≤ 𝜖	. Using the multiplicative triangle in-
equality, ∥ 𝑢 − 𝑣 ∥∗≤∥ 𝑢 − 𝑇𝑢 ∥∗⋅∥ 𝑇𝑢 − 𝑇𝑣 ∥∗⋅∥
𝑇𝑣 − 𝑣 ∥∗≤ 𝜖1 ⋅∥ 𝑇𝑢 − 𝑇𝑣 ∥∗. 
Now treat the three cases separately. 

If 𝑇 is Banach type, then ∥ 𝑢 − 𝑣 ∥∗≤ 𝜖1 ⋅ (∥ 𝑢 −
𝑣 ∥∗)# ⟹ (∥ 𝑢 − 𝑣 ∥∗)5;# ≤ 𝑡1 ⟹∥ 𝑢 − 𝑣 ∥∗≤ 𝜖

#
"$%. 

If 𝑇 is Kannan type, then  ∥ 𝑇𝑢 − 𝑇𝑣 ∥∗≤ (𝜖 ⋅ 𝜖)# =
𝜖1# , hence  ∥ 𝑢 − 𝑣 ∥∗≤ 𝜖1 ⋅ 𝜖1# = 𝜖141#	. 

If 𝑇 is Chatterjea type , then  ∥ 𝑢 − 𝑇𝑣 ∥∗≤∥ 𝑢 −
𝑣 ∥∗⋅∥ 𝑣 − 𝑇𝑣 ∥∗≤ 𝜖. ∥ 𝑢 − 𝑣 ∥∗⋅,	and similarly 	∥
𝑣 − 𝑇𝑢 ∥∗≤∥ 𝑣 − 𝑢 ∥∗⋅∥ 𝑢 − 𝑇𝑢 ∥∗≤ 𝜖. ∥ 𝑢 − 𝑣 ∥∗.  
Hence  ∥ 𝑇𝑢 − 𝑇𝑣 ∥∗≤ (∥ 𝑢 − 𝑣 ∥∗ 𝜖 ⋅∥ 𝑢 −
𝑣 ∥∗ 𝜖)# = 𝜖1# ⋅ (∥ 𝑢 − 𝑣 ∥∗)1# . Substituting into 
the first estimate gives  ∥ 𝑢 − 𝑣 ∥∗≤ 𝜖1 ⋅ 𝜖1# ⋅
(∥ 𝑢 − 𝑣 ∥∗)1#,hence   ∥ 𝑢 − 𝑣 ∥∗≤ 𝜖

#&#%
"$#%	. Taking 

the supremum over all  𝑢, 𝑣 ∈𝐴0(𝑇) yields the 
stated bound  for 𝛿'(𝐴0(𝑇)). Since each exponent 
is positive , 𝛿'(𝐴0'(𝑇)) → 1 whenever  𝜖% → 14.  

Lemma 4.7 (Approximate fixed points al-
ways exist). 

Let 𝑆 be a multiplicative normed linear space and 
let 𝑇: 𝑆 → 𝑆 be any contraction type from Defini-
tion 4.1. Then for every 𝜖 > 1, the set of 𝜖-approx-
imate fixed points 𝐴0(𝑇) is nonempty. 

Proof. Define = inf
)∈C

∥ 𝑢 − 𝑇𝑢 ∥∗ 	.  Clearly  𝑚 ≥ 1. 
We show 𝑚 = 1. Then, by definition of infimum, 
for any 𝜖 > 1, there must be some 𝑢 with ∥ 𝑢 −
𝑇𝑢 ∥∗< 𝜖 , i.e., 𝑢 ∈ 𝐴0(𝑇). 
Banach case: From the contraction inequality 
at (𝑇𝑢, 𝑢), we get ∥ 𝑇1𝑢 − 𝑇𝑢 ∥∗≤ (∥ 𝑢 − 𝑇𝑢 ∥∗)# .  

𝑚 ≤∥ 𝑇1𝑢 − 𝑇𝑢 ∥∗≤ (∥ 𝑢 − 𝑇𝑢 ∥∗)# , ∀	𝑢. Then tak-
ing infimum over 𝑢, we have 𝑚 ≤ 𝑚#. If 𝑚 > 1, 
then 𝑚# < 𝑚  (since 𝛼 < 1), a contradiction. 
Hence 𝑚 = 1. 

Kannan case: Applying the condition at (𝑢, 𝑇𝑢), 
set 𝑎 =∥ 𝑢 − 𝑇𝑢 ∥∗  and =∥ 𝑇𝑢 − 𝑇1𝑢 ∥∗. Then 𝑏 ≤
(𝑎 ⋅ 𝑏)# 	 ⟹ 	 𝑏 ≤ 𝑎

%
"$%. Let  𝛽 = ( #

5;#
) < 1 . Taking 

infima gives 	≤ 𝑚D , and the same contradiction 
forces 𝑚 = 1 . 

Chatterjea case: Same as Kannan, using  ∥ 𝑇𝑢 −
𝑇𝑢 ∥∗ = 1 and the multiplicative triangle inequal-
ity  ∥ 𝑢 − 𝑇1𝑢 ∥∗≤ 𝑎 ⋅ 𝑏 , which yields the same in-
equality 𝑏 ≤ (𝑎 ⋅ 𝑏)# . 

Thus, in all cases 𝑚 = 1, so 	𝐴0(𝑇) ≠ ∅  for 
every 𝜖 > 1. No iteration or sequence construction 
is used. 

Remark 4.8: This fills the non-emptiness gap in 
Theorem 5.1 without relying on Picard iterations, 
staying within the paper’s non-iterative frame-
work. 
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FIXED POINT THEOREMS  
We now apply the multiplicative Cantor intersec-
tion theorem to obtain fixed point results for the 
mapping considered above. 
Theorem 5.1 (Fixed Point Theorem for 
Multiplicative Contractions) 

Let (S, ∥⋅∥∗) be a multiplicative Banach space and 
let  T: S → S	a continuous mapping satisfying one 
of the contraction conditions in definition 4.1 . As-
sume that the approximate fixed-point sets A.(𝑇)
= {𝑢 ∈ 𝑆: ∥ 𝑢 − 𝑇𝑢 ∥∗≤ ϵ} are non-empty for 
every	ϵ > 1 .  Then 𝑇 has a unique fixed point. 

Proof:  Choose a decreasing sequence {𝜖%} satis-
fying 1 < 𝜖%45 < 𝜖% such that  ϵ& → 1  and for each 
n, define 𝐴% = 𝐴0'(𝑇) = {𝑢 ∈ 𝑆: ∥ 𝑢 − 𝑇𝑢 ∥∗≤ ϵ&}. 
By lemma 4.5 and 4.7, each 𝐴% is nonempty, mul-
tiplicative closed and  A&45 ⊆ A&.   By theorem 4.6, 
we have  		δ((A&) → 1. Hence {𝐴%} is a nested se-
quence of nonempty multiplicatively closed sub-
sets whose multiplicative diameters converge to 1. 
Therefore, Multiplicative Cantor Intersection 
Theorem gives ⋂ 𝐴%3

%75 = {𝑝} for some unique 
point p ∈ S.  Since 𝑝 ∈ 𝐴% for every 𝑛, ∥ 𝑝 − 𝑇𝑝 ∥∗≤
𝜖%(𝑛 ≥ 1), applying limit  ∥ 𝑝 − 𝑇𝑝 ∥∗= 1. By defi-
nition of multiplicative norm, 𝑇𝑝 = 𝑝. Thus 𝑝 be 
another fixed point of 𝑻. 

To prove uniqueness, suppose that 𝑞 is another 
fixed point. Then 𝑇𝑞 = 𝑞.	Applying the corre-
sponding contraction condition to the pair (𝑝, 𝑞)  
gives: 

Banach case: ‖𝑝 − 𝑞‖∗ ≤ (‖𝑝 − 𝑞‖∗)# 

Kannan case:  ‖𝑝 − 𝑞‖∗ ≤ (‖𝑝 − 𝑇𝑝‖∗. ‖𝑞 −
𝑇𝑞‖∗)# = 1.  

Chatterjea case:	‖𝑝 − 𝑞‖∗ ≤ (‖𝑝 − 𝑇𝑞‖∗. ‖𝑞 −
𝑇𝑝‖∗)# = (‖𝑝 − 𝑞‖∗)1# 

Since 0 < 𝛼 < 1 , each inequality forces ‖𝑝 −
𝑞‖∗ = 1 and consequently 𝑝 = 𝑞.  

Therefore, 𝑇 has a unique fixed point. 
Remark 5.2. Unlike the classical Banach, Kan-
nan, and Chatterjea fixed point theorems, the 
proof of Theorem 5.1 does not rely on the con-
struction of an iterative sequence. Instead, the ex-
istence and uniqueness of the fixed point follow 
from the geometric properties of the approximate 
fixed-point sets, namely their multiplicative 
closedness, nesting, and the diameter estimates 
established in Section 4, together with the Multi-
plicative Cantor Intersection Theorem. 

Example 5.3: Let 	𝑆 = ℝ  with ∥ 𝑢 ∥∗	= 	 𝑒|)|. 
Then (𝑆, ∥·∥∗)	is a multiplicative Banach space. 

 (Banach type). With 𝑇(u) = )
1
: ∥ 𝑇𝑢 − 𝑇𝑣 ∥∗=

𝑒
∣)$*∣
# = (∥ 𝑢 − 𝑣 ∥∗)

"
#, so 𝛼 = 5

1
. Since 𝐴0(𝑇) =

{ 𝑢: ∣ 𝑢 ∣≤ 2𝑙 𝑛 𝜖 } shrinks to a point as 𝜖 → 14	,the 
Cantor intersection theorem gives the unique 
fixed point 𝑢 = 0. 

(Kannan type). With 𝑇(𝑢) = )
5/
: ∥ 𝑇𝑢 − 𝑇𝑣 ∥∗=

𝑒
∣)$*∣
"+ = (∥ 𝑢 − 𝑣 ∥∗)

"
"+ while ∥ 𝑢 − 𝑇𝑢 ∥∗. ∥ 𝑣 − 𝑇𝑣 ∥

∗= 𝑒
,
"+(∣)∣4∣+∣). Since ∣ 𝑢 − 𝑣 ∣≤∣ 𝑢 ∣ +∣ 𝑣 ∣, expo-

nentiating 5
5/
∣ 𝑢 − 𝑣 ∣≤ 5

F
⋅ F
5/
(∣ 𝑢 ∣ +∣ 𝑣 ∣)gives ∥

𝑇𝑢 − 𝑇𝑣 ∥∗≤ (∥ 𝑢 − 𝑇𝑢 ∥∗∥ 𝑣 − 𝑇𝑣 ∥∗)
"
,, so 𝛼 = 5

F
	 . 

Since 𝐴0(𝑇) = �𝑢: ∣∣ 𝑢 ∣∣≤
5/
F
𝑙 𝑛 𝜖 � shrinks to a point 

as 𝜖 → 14	,the Cantor intersection theorem gives 
the unique fixed point 𝑢 = 0. 

(Chatterjea type). With 𝑇(𝑢) = )
5/
:  u − v = 5

5/
[(u − 10v) − (v − 10u)] and the triangle inequal-
ity, 5

5/
∣ 𝑢 − 𝑣 ∣≤ 5

55
(∣ 𝑢 − +

5/
∣ +∣ 𝑣 − )

5/
∣)∣), so ∥

𝑇𝑢 − 𝑇𝑣 ∥∗≤ (∥ 𝑢 − 𝑇𝑣 ∥∗∥ 𝑣 − 𝑇𝑢 ∥∗)
"
"", so 𝛼 = 5

55
	 

. Since 𝐴0(𝑇) = � 𝑢: ∣∣ 𝑢 ∣∣≤
5/
F
𝑙 𝑛 𝜖 � shrinks to a 

point as 𝜖 → 14	,the Cantor intersection theorem 
gives the unique fixed point 𝑢 = 0. 

APPLICATION TO A VOLTERRA INTE-
GRAL EQUATION 
The examples in Section 5 demonstrate our theory 
on the simplest possible space, ℝ	with the multi-
plicative norm 𝑒∥.∥∗ . We now demonstrate that the 
same theory applies to an infinite-dimensional 
setting by studying a nonlinear Volterra integral 
equation. Unlike the classical approach based on 
successive approximations, our existence and 
uniqueness result follows directly from the Multi-
plicative Cantor Intersection Theorem and the di-
ameter estimates established in Section 4. 

Let 𝑋	 = 	𝐶([𝑎, 𝑏], ℝ) be the Banach space of all 
continuous real valued functions on [𝑎, 𝑏] with the 
usual supremum norm ‖𝑓‖3 =	𝑆𝑢𝑝I∈[?,K]		|𝑓(𝑡)|.  
Define a multiplicative norm on 𝑋 by  ‖𝑓‖∗ 	=
	𝑒M|N|M. . 

Proposition 6.1. (𝑋, ‖. ‖∗) is a multiplicative Ba-
nach space, and ‖𝑓‖∗ =	𝑒M|N|M. ,	for every 𝑓	 ∈ 	𝑋.	

Proof.  Since  �|𝑓|�
3
≥ 0,  implies ‖𝑓‖∗ =

	𝑒M|N|M. ≥ 1,	 with equality if and only if  𝑓 = 0.  

For any scalar 𝛼,  ‖𝛼𝑓‖∗ =	𝑒M|#N|M. = �𝑒M|N|M.�
|#|

 . 

Also  ‖𝑓 + 𝑔‖∗ = 𝑒M|N4O|M. ≤ 𝑒M|N|M. . 𝑒M|O|M. =
‖𝑓‖∗. ‖𝑔‖∗ 

Hence  ‖. ‖∗ is a multiplicative norm. Since 
(𝑋, �|𝑓|�

3
) is complete, Proposition 2.1 gives 

that	(𝑋, ‖. ‖∗) is multiplicatively complete. 
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 Now consider the nonlinear Volterra integral 
equation 

𝑢(𝑡) 	= 	𝑔(𝑡) 	+ 	𝜆		 � 		𝐾(𝑡, 𝑠, 𝑢(𝑠))	𝑑𝑠, 𝑡	 ∈ 	 [𝑎, 𝑏]
I

?

.	

We assume: 

(H1) 𝑔 is continuous on [𝑎, 𝑏]; 

(H2) 𝐾 ∶ 	 [𝑎, 𝑏] × [𝑎, 𝑏] × 	ℝ → ℝ is continuous,  

(H3) here exists 𝐿 > 0  such that 

∣ 𝐾(𝑡, 𝑠, 𝑢) − 𝐾(𝑡, 𝑠, 𝑣) ∣≤ 𝐿 ∣ 𝑢 − 𝑣 ∣ for all 𝑡, 𝑠, 𝑢, 𝑣 

(H4) |𝜆|	L(b − a) < 1.. 

Define the operator 𝑇 on X by 

(𝑇𝑢)(𝑡) 	= 		𝑔(𝑡) 	

+ 	𝜆		� 		𝐾(𝑡, 𝑠, 𝑢(𝑠)	)𝑑𝑠, 𝑡	
I

?
∈ 	 [𝑎, 𝑏] .	

Under (H1)-(H3), 𝑇 maps 𝑋 into itself. 

Lemma 6.2. Under (H1)-(H4), 𝑇 is a multiplica-
tive Banach contraction with contraction constant 
𝛼 = |𝜆|𝐿(𝑏 − 𝑎). 

Proof. For any 𝑢, 𝑣	 ∈ 	𝑋, |(𝑇𝑢)(𝑡) − (𝑇𝑣)(𝑡)| ≤
∫ |𝜆|	|𝐾(𝑡, 𝑠, 𝑢(𝑠)	) − 𝐾(𝑡, 𝑠, 𝑣(𝑠)	)|𝑑𝑠I
?          	.                                                                                                                                                                                      
	≤ |𝜆|𝐿 ∫ |𝑢(𝑠)−, 𝑢(𝑡)	)|𝑑𝑠I

? 		≤ |𝜆|𝐿(𝑏 − 𝑎)‖𝑢 −
𝑣‖3 

       Taking Supremum, we have    ‖𝑇𝑢 − 𝑇𝑣‖3 ≤
	|𝜆|𝐿(𝑏 − 𝑎)‖𝑢 − 𝑣‖3	 

Exponentiating yields,  ‖𝑇𝑢 − 𝑇𝑣‖∗ ≤ (‖𝑢 −
𝑣‖∗)|P|Q(K;?) . Since |𝜆|L(b − a) < 1  ,  𝑇 is a multi-
plicative Banach contraction.  

Theorem 6.3 (Existence and Unique-
ness). Under (H1)-(H4), the nonlinear Volterra 
equation has a unique continuous solution.  

Proof. By Proposition 6.1, 𝑋 is a multiplicative 
Banach space. By Lemma 6.2, 𝑇 is a multiplicative 
Banach contraction.  Therefore, all hypotheses of 
Theorem 5.1 are satisfied. Hence the Multiplica-
tive Cantor Intersection Theorem guarantees that 
the nested approximate fixed-point sets 𝐴0(𝑇) =
{𝑢 ∈ 𝑋:	‖𝑢 − 𝑇𝑢‖∗ ≤ 𝜖} have singleton intersec-
tion. Consequently, 𝑇	possesses a unique fixed 
point 𝑢∗ ∈ 𝑋, which is precisely the unique solu-
tion of the Volterra integral equation. 

Corollary 6.4 (Error Bound). Let 𝑢∗ denote 
the unique solution and suppose that 	𝑢 ∈ 𝑋	satis-
fies ‖𝑢 − 𝑇𝑢‖∗ ≤ 𝑟, 𝑟 > 1. Then 	‖𝑣 − 𝑢∗‖∗ ≤ 𝑟

"
"$%, 

where α = |𝜆|L(b − a). 

Proof.  Since 𝑇𝑢∗ 	= 	𝑢∗, the contraction condi-
tion gives 

‖𝑢 − 𝑢∗‖∗ ≤	‖𝑢 − 𝑇𝑢‖∗‖𝑇𝑢 − 𝑇𝑢∗‖∗ 	≤ 𝑟	. (‖𝑢 −
𝑢∗‖	)# . So (‖𝑢 − 𝑢∗‖)5;# ≤ 𝑟	

 Giving (‖𝑣 − 𝑢∗‖∗) ≤ 𝑟
"

"$% . Hence the multiplica-
tive distance between the approximate solution u 
and the exact solution u∗ is bounded by 𝑟

"
"$%. 

CONCLUSION   
In this paper, we developed a non-iterative set-
theoretic approach to fixed point theory in multi-
plicative Banach spaces. By establishing multipli-
cative Cantor and Baire category theorems, we de-
rived explicit diameter estimates for approximate 
fixed-point sets corresponding to Banach, Kan-
nan, and Chatterjea type contractions. These esti-
mates, together with the Multiplicative Cantor In-
tersection Theorem, yielded existence and 
uniqueness results without using iterative se-
quences. Finally, the applicability of the theory 
was demonstrated through a nonlinear Volterra 
integral equation, illustrating the effectiveness of 
the proposed framework in infinite-dimensional 
multiplicative Banach spaces. 
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