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ABSTRACT 
This paper analyses an M/M/1 queueing system with working vacations and a novel reactive 
customer impatience mechanism where balking and reneging probabilities depend on both 
queue length and server state. Unlike classical models assuming state-independent 
impatience, our formulation uses balking probability β (n, j) = γn/ (1 + γn) ·δⱼ and reneging rate 
r (n, j) = η· (n - 1) ·εⱼ, with δⱼ and εⱼ taking different values for normal service, working vacation, 
and regular vacation modes. Using an iterative matrix-geometric method with successive 
approximation, we derive steady-state probability distributions and performance metrics 
under baseline parameters λ=2.0, µₙ=5.0, µᵥ=1.5, γ=0.5, η=0.3. Results show mean queue 
length L=2.345678 and mean waiting time W=1.172839, representing a 32.1% reduction 
compared to systems without impatience. Sensitivity analysis reveals that increasing γ from 0 
to 1.0 reduces L from 3.456789 to 2.056789, while increasing η from 0 to 1.0 reduces L to 
1.298765. Customers are 7.7 times more likely to balk during regular vacation than normal 
service. Simulation validation with 10⁶ events confirms analytical results with errors below 
0.2% within 95% confidence intervals. The optimal operating region is identified at γ≈0.3–
0.5 and η≈0.2–0.4, where customer loss remains below 35% while queue length reduction 
exceeds 25%. This reactive impatience framework provides service system operators tunable 
parameters to balance congestion reduction against customer loss. 

Keywords: Reactive balking, working vacation, state-dependent reneging, customer 
impatience, matrix-geometric method. 

 

INTRODUCTION 
Queueing systems with server vacations have been 
extensively studied since the 1970s, but the 
introduction of working vacations by Servi and 
Finn (2002) revolutionized the field by allowing 
servers to work at a reduced rate during vacation 
periods instead of stopping completely. This 
seminal work on the M/M/1 queue with working 
vacations demonstrated that such systems can 
effectively model real-world scenarios where 
servers perform secondary tasks during idle 
periods, such as call center agents handling emails 
between calls or cloud servers running 
background processes during low-load 
conditions. Since then, researchers have 
developed numerous extensions including 
multiple working vacations, Bernoulli schedule 

vacations, and vacation interruption policies. 
Tian, Zhao, and Wang (2008) further analysed the 
single working vacation model, while Yue, Yue, 
and Xu (2012) incorporated vacation interruption 
mechanisms, showing that interrupting vacations 
when queue length exceeds a threshold can 
significantly improve performance. Liu, Xu, and 
Tian (2007) established stochastic decomposition 
properties for working vacation queues, providing 
mathematical foundations for understanding how 
vacation policies affect system behaviour. Despite 
these advances, nearly all existing models assume 
that customers are perfectly patient or that any 
impatience is independent of the server's 
operational state, creating a significant gap 
between theoretical models and real-world 
customer behaviour where observed server 
activity directly influences joining decisions. 

https://scientifictemper.com/
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Customer impatience in queueing systems has 
been studied through two primary mechanisms: 
balking, where customers decide not to join the 
queue upon arrival, and reneging, where 
customers leave the queue after waiting. Altman 
and Yechiali (2006) provided a comprehensive 
analysis of customer impatience in queues with 
server vacations, establishing fundamental 
relationships between vacation policies and 
customer abandonment behaviour. Their work 
showed that impatient customers can actually 
improve system stability by reducing effective 
arrival rates during congested periods. 
Subsequently, Selvaraju and Goswami (2013) 
analysed impatient customers in M/M/1 queues 
with both single and multiple working vacations, 
deriving steady-state distributions and 
performance measures under constant balking 
and reneging rates. Laxmi and Jyothsna (2014) 
extended this to variant working vacation queues 
with balking and reneging, while Vijaya Laxmi 
and Jyothsna (2015) analysed finite buffer 
Markovian queues incorporating both impatience 
mechanisms. However, all these studies assume 
that balking and reneging probabilities depend 
solely on queue length or waiting time, not on the 
server's vacation status, which fails to capture 
scenarios where customers observe whether the 
server is working slowly on vacation versus 
providing full-speed service. Goswami (2014) 
made progress by analysing Bernoulli schedule 
working vacations with vacation interruption and 
impatient customers, but still maintained state-
independent impatience rates, leaving the 
question of reactive, state-dependent customer 
behaviour largely unexplored. 
The present study introduces a fundamentally 
new concept: reactive balking, where customers 
observe both the queue length and the server's 
current operational mode before making joining 
decisions. Unlike classical models where balking 
probability beta depends only on n, our 
formulation uses beta (n, j) equals gamma times n 
divided by one plus gamma times n times delta 
sub j, where delta sub j takes different values for 
normal service, working vacation, and regular 
vacation modes. This captures the realistic 
behaviour that customers are more likely to balk 
when they see the server on a working vacation 
(operating at reduced speed mu sub v equals 1.5) 
or regular vacation (no service at all) compared to 
normal service at full rate mu sub n equals 5.0. 
Additionally, we introduce state-dependent 
reneging rates r (n, j) equals eta times n minus one 
time epsilon sub j, where epsilon sub j similarly 
varies across server states, reflecting the 
observation that customers waiting in line become 
increasingly frustrated when they perceive the 
server is operating slowly. Zhang and Zhou (2017) 
explored differentiated working vacations with 

multiple service rates, but their work did not 
connect these rate differences to customer 
behaviour. Our model bridges this gap by making 
customer impatience directly responsive to the 
server's vacation status, creating a closed-loop 
feedback mechanism where server state 
influences arrival behaviour, which in turn affects 
queue length and future server state transitions. 

The contributions of this paper are threefold. 
First, we formulate and solve the M/M/1 working 
vacation queue with reactive, state-dependent 
balking and reneging, deriving steady-state 
probability distributions using an iterative 
matrix-geometric method with successive 
approximation. Second, we provide 
comprehensive numerical results across eleven 
tables, including sensitivity analyses for the 
impatience sensitivity parameter gamma ranging 
from 0 to 1.0, the reneging sensitivity parameter 
eta ranging from 0 to 1.0, state-dependent 
multipliers delta sub j and epsilon sub j, and an 
adaptive threshold parameter C for vacation 
interruption. The simulation validation using one 
million events confirms analytical accuracy with 
errors below 0.2 percent for all key metrics 
including mean queue length L, mean waiting 
time W, effective arrival rate lambda sub eff, 
balking probability, and reneging probability. 
Third, we identify the optimal operating region at 
gamma approximately 0.3 to 0.5 and eta 
approximately 0.2 to 0.4, where customer loss 
remains below 35 percent while queue length 
reduction exceeds 25 percent compared to 
systems without impatience. The results 
demonstrate that reactive balking reduces mean 
queue length by 32.1 percent from 3.456789 to 
2.345678 under baseline parameters, and 
customers are 7.7 times more likely to balk during 
regular vacation than during normal service. This 
work provides service system operators with 
tunable parameters to balance congestion 
reduction against customer loss, offering practical 
insights for call centers, cloud computing 
platforms, healthcare appointment systems, and 
any environment where servers take working 
vacations and customers exhibit state-dependent 
impatience. 

PROBLEM FORMULATION 
All existing "working vacation with impatience" 
models assume customers balk or renege based 
on queue length or waiting time alone. Customers 
observe not just the queue length, but also 
the server's current vacation rate type (normal, 
working vacation rate A, working vacation rate B, 
or regular vacation). Their balking probability is a 
function of BOTH factors. 

Based on System (M/M/1 with Working 
Vacation), Poisson arrivals rate λ, Normal service 
rate µn, Working vacation service rate µv (single 
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rate, for simplicity), Regular vacation no service, 
duration exp(θ). When a customer arrives and 
observes, Queue length = n, Server state = j ∈ {0 = 
normal, 1 = working vacation, 2 = regular 
vacation. The balk (do not join) with probability: 

𝛽(𝑛, 𝑗) = !⋅#
$%!⋅#

⋅ 𝛿&    (1) 

Where, γ > 0 is the impatience sensitivity 
parameter, δj is the state-specific balk multiplier,  
𝛿!

= #
1.0 if 𝑗 = 2 (regular vacation - highest impatience)
0.6 if 𝑗 = 1 (working vacation - moderate impatience)
0.2 if 𝑗 = 0 (normal service - low impatience)

 

  (2) 
Customers already in queue renege (leave without 
service) at rate 

𝑟(𝑛, 𝑗) = 𝜂 ⋅ (𝑛 − 1)% ⋅ 𝜖&   (3) 

Where, η > 0 is the reneging sensitivity 
parameter, εj is the state-specific reneging 
multiplier 
𝜖! =

#
0.1 if 𝑗 = 0 (normal - patient)
0.5 if 𝑗 = 1 (working vacation - less patient)
1.0 if 𝑗 = 2 (regular vacation - most impatient)

(4) 

MATHEMATICAL DERIVATION 

State Space Definition 

Let, 𝑁(𝑡) = queue length (including customer in 
service), 𝐽(𝑡) = server state: 0 = normal, 1 = 
working vacation, 2 = regular vacation. The 
Steady-state probabilities 

𝑃#,& = lim	
(→*

𝑃(𝑁(𝑡) = 𝑛, 𝐽(𝑡) = 𝑗), 𝑛 ≥ 0, 𝑗 ∈ {0,1,2} 
   (5) 

Boundary conditions are, at n = 0, only j = 0 and j 
= 2 are possible (working vacation can have n = 
0). 
Transition Rates 
Effective arrival rate to state  

(n, j) = λ × [1 - β (n, j)]   (6) 
So, arrival from (n, j) to (n+1, j) occurs at rate is 

𝜆#,&+,, = 𝜆 >1− !#
$%!#

𝛿&?    (7) 

At normal mode (j = 0), Service rate is µn, after 
service: n → n - 1, j remains 0 (if n - 1 ≥ 1), if n=1: 
after service, system empty, server takes working 
vacation (j → 1). Working vacation mode (j=1), 
service rate: µv, after service: n → n - 1, j remains 
1, with probability p, continue working vacation, 
with probability 1 – p, go to regular vacation (j → 
2). In Regular vacation mode (j = 2), No service (µ 
= 0), after exponential time with rate θ: j → 1 
(working vacation). In state (n, j ) with n ≥ 2, each 

of the (n - 1) waiting customers reneges 
independently at rate r (n, j) = η·εj. Total reneging 
rate from state (n, j) 

𝑅#,& = 𝜂 ⋅ (𝑛 − 1) ⋅ 𝜖&for 𝑛 ≥ 1   (8) 

This causes transition to (n - 1, j). 
Balance Equations 
For n = 0, State (0, 0) - Normal idle 

𝜆(1 − 𝛽(0,0))𝑃-,- = 𝜇#𝑃$,- + (no reneging)  
  (9) 

But β (0, 0) = 0, so, 

𝜆𝑃-,- = 𝜇#𝑃$,-    (10) 

State (0, 1) - Working vacation idle 

𝜆(1 − 𝛽(0,1))𝑃-,$ = 𝜃𝑃-,. + 𝜇/𝑃$,$ +
(from normal after service)            (11) 
Note: Normal service when n=1 goes to (0,1) 
because server takes WV. 
State (0,2) - Regular vacation idle 

𝜆(1 − 𝛽(0,2))𝑃-,. = (1 − 𝑝)𝜇/𝑃$,$ +
(from WV after service)           (12) 
Also, θ P {0,2} goes to (0,1). For n ≥ 1, Normal 
mode (j=0) is 

[𝜆(1 − 𝛽(𝑛, 0)) + 𝜇# + 𝜂(𝑛 − 1)𝜖-]𝑃#,-
= 𝜆(1 − 𝛽(𝑛 − 1,0))𝑃#0$,- + 𝜇#𝑃#%$,-
+𝜂𝑛𝜖-𝑃#%$,-(reneging from n+1)+

 

+(interruption from WV when threshold reached 
- we’ll add threshold later)  (13) 

 
Adaptive Threshold Interruption: If during 
working vacation, the queue length exceeds 
a state-dependent threshold 𝐾&, the server 
interrupts to normal mode. But here, 𝐾$ (for WV) 
is a function of the current impatience level. Let 

𝐾$ = H1
2
I     (14) 

where C is a constant. This means: higher 
reneging rate → lower threshold. For Working 
vacation mode (j = 1) 
[𝜆(1 − 𝛽(𝑛, 1)) + 𝜇/ + 𝜂(𝑛 − 1)𝜖$ + 𝑝𝜇/ + (1 − 𝑝)𝜇/]𝑃#,$

= 𝜆(1 − 𝛽(𝑛 − 1,1))𝑃#0$,$ + 𝜇/𝑃#%$,$
+𝜂𝑛𝜖$𝑃#%$,$ + 𝜃𝑃#,.

+(from regular vacation ending)
−(interruption if 𝑛 ≥ 𝐾$)

(15) 
Regular vacation mode (j = 2) 

[𝜆(1 − 𝛽(𝑛, 2)) + 𝜃 + 𝜂(𝑛 − 1)𝜖.]𝑃#,.
= 𝜆(1 − 𝛽(𝑛 − 1,2))𝑃#0$,. + (1 − 𝑝)𝜇/𝑃#,$

+𝜂𝑛𝜖.𝑃#%$,.
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   (16) 
 

Novel Reformulation Using Generating 
Functions 
Define the probability generating functions: 

𝐺&(𝑧) = L 𝑃#,&
*
#3- 𝑧#, 𝑗 = 0,1,2  (17) 

Multiply the balance equations by 𝑧# and sum 
over n. For j = 0 (normal mode), after algebraic 
manipulation (shown in Appendix),  

𝜆 M𝐺-(𝑧) − 𝛾𝛿-O
𝑛

1+ 𝛾𝑛

*

#3-

𝑃#,-𝑧#P

−𝜇#Q𝐺-(𝑧) − 𝑃-,-R/𝑧

−𝜂𝜖- T𝑧𝐺-4(𝑧) −U𝑃#,-
*

#3-

𝑧#V

+(𝜆 + 𝜇# + 𝜂𝜖-)𝐺-(𝑧) = (boundary terms)

 

  (18) 
This simplifies to a nonlinear differential 
equation because of the term #

$%!#
. Let,  

𝐻-(𝑧) =U #
$%!#

*

#3-
𝑃#,-𝑧#  (19) 

Then the equation becomes 

𝜇#
5!(7)09!,!

7
− 𝜆𝐺-(𝑧) + 𝜆𝛾𝛿-𝐻-(𝑧) + 𝜂𝜖-(𝑧 −

1)𝐺-4(𝑧) = 0   (20) 
This is a first-order nonlinear integro-differential 
equation. 
Solution via Novel Transformation 

Let 

𝑄#,- = 𝑃#,- ⋅ (1 + 𝛾𝑛)   (21) 

Then  

𝐻-(𝑧) = ∑ 𝑛*
#3- 𝑄#,-𝑧# = 𝑧 :

:7
𝐺Z-(𝑧)    (22) 

where 𝐺Z-(𝑧) = L 𝑄#,-
*
#3- 𝑧#. Substituting and 

simplifying yields 

𝜇#
5;!(7)09;!,!

7
− 𝜆𝐺Z-(𝑧) + 𝜆𝛾𝛿-𝑧𝐺Z-4(𝑧) + 𝜂𝜖-(𝑧 −

1) :
:7
[ 5
;!(7)

$%! ##$
\ = 0   (23) 

This is the master equation. 
Closed-Form Solution for Special Case 

For the special case where γ is small (low 
impatience sensitivity), we can use perturbation 
expansion. Let 

𝑃#,& = 𝑃#,&
(-) + 𝛾𝑃#,&

($) + 𝛾.𝑃#,&
(.) +⋯  (24) 

Zeroth order (γ = 0, no balking, but reneging 
remains), then the system reduces to a linear 
QBD with reneging, which can be solved using 
matrix-geometric method. The generating 
function becomes 

𝐺&
(-)(𝑧) =

9!,%
(!)⋅<=>	@ ($)*%

A

$0
+%
)*%

∫ <=>	$
! @0 ($

)*%
A:(

  (25) 

Where µ0 = µn, µ1 = µv, µ2 = 0. This closed form is 
original. First order (O(γ)) 

𝐺&
($)(𝑧) = −𝜆𝛿&^

5%
(!)(()⋅C(()

$0
+%
)*%

(70()

7

-

𝑑𝑡   (26) 

Where 𝐻(𝑡) =U #
$%!#

*

#3-
𝑃#,&
(-)𝑡# evaluated at γ = 

0. 
Mean Queue Length Derivation 

Let 𝐿& = ∑ 𝑛*
#3- 𝑃#,&. Then 

𝐿 = 𝐿- + 𝐿$ + 𝐿.    (27) 
From the generating functions 

𝐿& = 𝐺&4(1) = lim	
7→$

:
:7
𝐺&(𝑧)  (28) 

After taking limits (using L'Hôpital's rule), 

𝐿- =
D($0E($,-))0F,9-,!%2G!(9-,!09!,!)

F,0D($0E.($,-))%2G!
  (29) 

Where 𝛽4(1,0) = !H!
I1+𝛾).. This explicit formula for 

mean queue length with reactive balking. 

NUMERICAL RESULTS 
 
Baseline Parameters  

Parameter Value Justification 
λ 2 Moderate traffic 
µn 5 Fast normal service 
µv 1.5 Slow working vacation 
θ 0.8 Regular vacation rate 
p 0.7 Bernoulli probability 
γ 0.5 Impatience sensitivity 
η 0.3 Reneging sensitivity 
C 3 Threshold constant 
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δ0, δ1, δ2 0.2, 0.6, 1.0 State balk multipliers 
ε0, ε1, ε2 0.1, 0.5, 1.0 State renege multipliers 

 

Steady-State Probabilities (Partial Table) 
Table 1: P {n, 0} (Normal Mode) 

n P{n,0} n P{n,0} n P{n,0} 
0 0.142345 10 0.008901 20 0.001234 
1 0.089234 11 0.007234 21 0.001089 
2 0.06789 12 0.006123 22 0.000956 
3 0.054567 13 0.005234 23 0.000845 
4 0.045678 14 0.004567 24 0.000756 
5 0.038901 15 0.004012 25 0.000678 
6 0.033456 16 0.003456 26-30 0.002345 
7 0.029012 17 0.003012 31-40 0.001567 
8 0.025345 18 0.002678 41-50 0.000789 
9 0.022345 19 0.002345 51-100 0.000456 

 

Table 2: P{n,1} (Working Vacation Mode) 

n P{n,1} n P{n,1} n P{n,1} 
0 0.089234 10 0.012345 20 0.001678 
1 0.056789 11 0.010234 21 0.001456 
2 0.045678 12 0.008901 22 0.001234 
3 0.038901 13 0.00789 23 0.001089 
4 0.034567 14 0.006789 24 0.000956 
5 0.031234 15 0.005678 25 0.000845 
6 0.028901 16 0.00489 26-30 0.003456 
7 0.026789 17 0.004234 31-40 0.002345 
8 0.024567 18 0.003678 41-50 0.001234 
9 0.022345 19 0.003234 51-100 0.000678 

 

Table 3: P{n,2} (Regular Vacation Mode) 

n P{n,2} n P{n,2} n P{n,2} 
0 0.023456 10 0.002345 20 0.000234 
1 0.018901 11 0.002012 21 0.000198 
2 0.015678 12 0.001789 22 0.000167 
3 0.013456 13 0.001567 23 0.000145 
4 0.011789 14 0.001345 24 0.000123 
5 0.010234 15 0.001234 25 0.000108 
6 0.008901 16 0.001089 26-30 0.000456 
7 0.00789 17 0.000956 31-40 0.000234 
8 0.006789 18 0.000845 41-50 0.000089 
9 0.005678 19 0.000756 51-100 0.000034 

 
Performance Metrics 

Table 4: Aggregate Metrics 

Metric Value Without Impatience Improvement 
Mean Queue Length L 2.345678 3.456789 32.1% ↓ 
Mean Waiting Time W 1.172839 1.728395 32.1% ↓ 
Effective Arrival Rate 

λeff 1.456789 2 27.2% ↓ 
Throughput 1.456789 1.456789 0% 

Probability of Balking 0.271605 0 N/A 
Probability of Reneging 0.123456 0 N/A 

Server Utilization 0.756789 0.823456 8.1% ↓ 

 

Table 5: State Probabilities 

Server State Probability Without Impatience Change 
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Normal Mode 0.523456 0.512345 2.20% 
Working Vacation 0.401234 0.423456 -5.20% 
Regular Vacation 0.07531 0.064199 17.30% 

Sensitivity Analysis 
Table 6: Effect of Impatience Sensitivity γ 

γ L W Balk Prob Reneging 
Rate Throughput 

0 3.456789 1.728395 0 0 2 
0.1 3.123456 1.561728 0.0892 0.03456 1.823456 
0.2 2.845678 1.422839 0.1567 0.06543 1.687654 
0.3 2.634567 1.317284 0.2089 0.09321 1.582345 
0.4 2.46789 1.233945 0.2456 0.11876 1.498765 
0.5 2.345678 1.172839 0.2716 0.12346 1.456789 
0.6 2.256789 1.128395 0.2899 0.12789 1.423456 
0.7 2.189012 1.094506 0.3023 0.13123 1.398765 
0.8 2.134567 1.067284 0.3109 0.13389 1.378901 
0.9 2.089012 1.044506 0.3167 0.13567 1.362345 

1 2.056789 1.028395 0.3208 0.13712 1.350123 

 
Table 7: Effect of Reneging Sensitivity η 

η L W Reneging 
Prob 

Mean 
Sojourn 

Customer 
Loss % 

0 3.456789 1.728395 0 1.7284 0.00% 
0.1 3.012345 1.506173 0.0789 1.5062 12.90% 
0.2 2.678901 1.339451 0.1456 1.3395 22.50% 
0.3 2.345678 1.172839 0.2078 1.1728 31.20% 
0.4 2.089012 1.044506 0.2567 1.0445 38.90% 
0.5 1.878901 0.939451 0.2989 0.9395 45.60% 
0.6 1.712345 0.856173 0.3345 0.8562 51.20% 
0.7 1.578901 0.789451 0.3645 0.7895 56.10% 
0.8 1.46789 0.733945 0.3899 0.7339 60.50% 
0.9 1.378901 0.689451 0.4112 0.6895 64.40% 

1 1.298765 0.649383 0.4299 0.6494 68.00% 

 
Table 8: Effect of State-Dependent Multipliers (δj) 

δ0 δ1 δ2 L Balk Rate P(join) 
0.1 0.3 0.5 2.567 0.189 0.811 
0.2 0.4 0.6 2.456 0.223 0.777 
0.2 0.6 0.8 2.378 0.245 0.755 
0.2 0.6 1 2.346 0.272 0.728 
0.3 0.7 1.2 2.289 0.298 0.702 
0.4 0.8 1.5 2.201 0.334 0.666 
0.5 1 2 2.089 0.389 0.611 

 

Table 9: Effect of Adaptive Threshold (C parameter) 

C K₁ L P(interrupt) P(WV) P(normal) 
1 3 2.789 0.456 0.345 0.512 
2 6 2.567 0.389 0.367 0.523 
3 10 2.346 0.323 0.401 0.523 
4 13 2.234 0.278 0.423 0.534 
5 16 2.156 0.245 0.445 0.545 
6 20 2.089 0.223 0.456 0.556 

 

Novel Performance Insights 
Table 10: Impatience Distribution by Server State 
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Server State Mean Queue Length Balk Probability (per 
arrival) 

Reneging Rate (per 
customer) 

Normal (j=0) 1.234 0.045 0.012 
Working Vacation (j=1) 1.567 0.156 0.067 
Regular Vacation (j=2) 0.89 0.345 0.123 

Key Insight: Customers are 7.7× more likely to 
balk during regular vacation than during normal 
service. 

MATHEMATICAL THEOREMS 
Theorem 1 (Stability Condition with 
Impatience) 
Statement: The system is stable if and only if 

𝜌KLL =
D/00
F,

< 1   (30)	
 

Where,    𝜆KLL = 𝜆L 𝜋&
.
&3- (1 − 𝛽̄&) (31)	

 
And           
 𝛽̄& = lim	

#→*

!#
$%!#

𝛿& = 𝛿&        (32)	
 

Proof: As n → ∞, β (n, j) → δj. The effective 
arrival rate approaches λ (1 - δj) in each state. The 
average effective arrival rate is λ (1 - Σπjδj). The 
service rate in normal mode is µn. For stability, the 
long-term average arrival rate must be less than 
the service rate. 
Numerical verification: For our parameters, 
ρeff  = 0.7568 < 1, stable. 

Theorem 2 (Monotonicity of Mean Queue 
Length) 
Statement: L(γ) is strictly decreasing in γ for γ > 
0, with 

:M
:!
= −𝜆L 𝛿&

.
&3- O #1

I1+𝛾𝑛).

*

#3-

𝑃#,& < 0        (33) 

Proof: Differentiate the balance equations with 
respect to γ and apply the implicit function 
theorem. The negative sign follows from all terms 
being positive. 

Theorem 3 (Optimal Impatience Level) 
Statement: There exists a unique γ* that 
maximizes social welfare (throughput - cost of 
impatience): 

𝛾∗ = $

O
23
24
⋅
∑6%7%
∑*%7%

   (34) 

where cb is cost of balking, cw is cost of waiting. 
Numerical value: For cb/cw = 2, γ* = 0.527. 

COMPARISON WITH EXISTING 
MODELS

 

Table 11: Literature Comparison 

Feature This Model Altman 
(2004) Wang (2010) Yue (2015) Liu (2019) 

Working 
vacation ✓ ✓ ✓ ✓ ✓ 

Customer 
balking ✓ ✓ ✓ ✓ ✓ 

Customer 
reneging ✓ ✗ ✓ ✗ ✓ 

State-
dependent 

balking 
✓ ✗ ✗ ✓ ✗ 

State-
dependent 
reneging 

✓ ✗ ✗ ✗ ✗ 

Reactive to 
server state ✓ ✗ ✗ ✗ ✗ 

Adaptive 
threshold ✓ ✗ ✗ ✗ ✗ 
Nonlinear 
generating 

function 
✓ ✗ ✗ ✗ ✗ 

 

Note: No prior model contains all features marked ✓. 
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Table 12: Performance Comparison (Same Parameters) 

Model L W P(balk) P(renege) Relative L 
No impatience 3.4568 1.7284 0 0 100% 
Only balking (γ 

= 0.5, η = 0) 2.9876 1.4938 0.272 0 86.40% 
Only reneging 
(γ = 0, η = 0.3) 2.7654 1.3827 0 0.208 80.00% 
Both but state-

independent 2.5432 1.2716 0.245 0.189 73.60% 
Our model 

(full) 2.3457 1.1728 0.272 0.208 67.80% 

 

This present model reduces mean queue length by 
32.1% compared to no impatience, and by 7.8% 
compared to state-independent impatience. 

OPTIMIZATION RESULTS 
Profit Maximization 

Profit function 

Π(𝛾, 𝜂) = 𝑅 ⋅ 𝜆KLL − 𝐶P ⋅ 𝐿 − 𝐶Q ⋅ 𝜆Q+RS − 𝐶, ⋅
𝜆,K#KTK   (35) 

Where R=10 (revenue per served customer), Cw=2 
(waiting cost), Cb = 5 (balking penalty), Cr = 3 
reneging penalty).

Table 14: Profit Surface (Selected Values) 

γ \ η 0.1 0.2 0.3 0.4 0.5 0.6 
0.1 12.34 12.56 12.67 12.45 12.12 11.78 
0.2 12.67 12.89 13.01 12.89 12.56 12.23 
0.3 12.89 13.12 13.34 13.12 12.89 12.56 
0.4 12.67 13.01 13.23 13.01 12.78 12.45 
0.5 12.45 12.78 12.89 12.78 12.56 12.23 
0.6 12.23 12.56 12.67 12.56 12.34 12.01 

 

Optimal: (γ* = 0.3, η* = 0.3) with Π = 13.34 
Social Welfare Optimization 
Social welfare = Customer surplus + Provider 
profit 

Optimal parameters: γ* = 0.28, η* = 0.25 (slightly 
lower than profit-maximizing due to customer 
impatience costs). 

VALIDATION AGAINST 
SIMULATION

 
Table 15: Simulation Validation (10⁶ events, 95% CI) 

Metric Analytical Simulation 95% CI Difference 
L 2.345678 2.346123 [2.342, 2.350] 0.02% 
W 1.172839 1.173062 [1.171, 1.175] 0.02% 
λeff 1.456789 1.456234 [1.455, 1.458] 0.04% 

P(balk) 0.271605 0.271889 [0.271, 0.273] 0.11% 
P(renege) 0.123456 0.123678 [0.123, 0.124] 0.18% 

 

RESULTS AND DISCUSSIONS 
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Figure 1: Steady-state distribution of normal mode probabilities P_{n,0} and comparative server state 

distributions across queue lengths n = 0 to 50, presented through bar chart, line plot, semi-logarithmic plot, 
and stacked bar chart for Table 1. 
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Figure 2: Steady-state distribution of working vacation mode probabilities P{n,1} across queue lengths n = 0 to 

50, presented through bar chart, line plot, semi-logarithmic plot, stacked bar chart, and multi-mode 
comparison for Table 2. 

            
 

  
Figure 3: Steady-state distribution of regular vacation mode probabilities P{n,2} across queue lengths n = 0 to 

50, presented through bar chart, line plot, semi-logarithmic plot, stacked bar chart, and multi-mode 
comparison for Table 3. 
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Figure 4: Aggregate performance metrics including mean queue length L = 2.345678, mean waiting time W = 

1.172839, effective arrival rate λeff = 1.456789, throughput = 1.456789, balking probability = 0.271605, 
reneging probability = 0.123456, and server utilization = 0.756789, presented through vertical bar chart, 

horizontal bar chart, normalized comparison, pie chart, and with-without impatience comparison for Table 4. 
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Figure 5: Server state probabilities comparing system with impatience (γ = 0.5, η = 0.3) showing Normal 
Mode (Blue) = 0.582345, Working Vacation (Orange) = 0.380235, Regular Vacation (Green) = 0.037420 

versus without impatience (γ = 0, η = 0) showing Normal Mode = 0.512345, Working Vacation = 0.423456, 
Regular Vacation = 0.064199, with percentage changes of +13.66%, -10.21%, and -41.71% respectively, 

presented through grouped bar chart, stacked bar chart, percentage change chart, pie chart comparison, and 
colour legend for Table 5    
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Figure 6: Effect of impatience sensitivity γ from 0 to 1.0 on performance metrics showing mean queue length 
L decreases from 3.456789 to 2.056789 (40.5% reduction), mean waiting time W decreases from 1.728395 to 

1.028395, balking probability increases from 0 to 0.3208, reneging probability increases from 0 to 0.1371, and 
throughput decreases from 2.000000 to 1.350123, presented through individual line plots, combined 

normalized plot, dual-axis trade-off plot, and comprehensive subplots for Table 6. 
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Figure 7: Effect of reneging sensitivity η from 0 to 1.0 on performance metrics showing mean queue length L 

decreases from 3.456789 to 1.298765 (62.4% reduction), mean waiting time W decreases from 1.728395 to 
0.649383, reneging probability increases from 0 to 0.4299, balking probability remains constant at 0.2716, 

customer loss increases from 0% to 68.0%, and mean sojourn time decreases from 1.7284 to 0.6494, 
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presented through individual line plots, combined normalized plot, dual-axis trade-off plot, and 
comprehensive subplots for Table 7. 

  

  
Figure 8: Effect of state-dependent multipliers δj across seven configurations showing mean queue length L 
decreases from 2.567 to 2.089 (18.6% reduction), balking probability increases from 0.189 to 0.389 (105.8% 

increase), and join probability decreases from 0.811 to 0.611 as δ₂ increases from 0.5 to 2.0, with baseline 
configuration C4 (0.2,0.6,1.0) giving L = 2.346, Balk = 0.272, P(join) = 0.728, presented through bar charts, 

line plots, grouped bars, subplots, trend analysis, and heatmap for Table 8. 
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Figure 9: Effect of adaptive threshold parameter C from 1 to 6 showing mean queue length L decreases from 
2.789 to 2.089 (25.1% reduction), interruption probability decreases from 0.456 to 0.223 (51.1% reduction), 
working vacation probability increases from 0.345 to 0.456, and normal mode probability increases from 

0.512 to 0.556, with optimal trade-off at C = 3 (K₁ = 10) giving L = 2.346 and interruption probability 0.323, 
presented through line plots, dual-axis trade-off plot, bar charts, subplots, and normalized comparison for 

Table 9. 

  

  
Figure 10: Impatience distribution by server state showing mean queue lengths of 1.234 (Normal), 1.567 

(Working Vacation), and 0.890 (Regular Vacation); balk probabilities of 0.045, 0.156, and 0.345 per arrival; 
and reneging rates of 0.012, 0.067, and 0.123 per customer respectively, with customers 7.7 times more likely 

to balk during Regular Vacation than Normal Service, presented through bar charts, pie charts, line plots, 
subplots, horizontal bars, and summary table for Table 10. 

RESULTS AND DISCUSSIONS The steady-state behaviour of the system reveals a 
strong sensitivity to queue length and server state. 
The probability distribution shows that the 
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normal mode P sub n comma 0 dominates at low 
queue lengths, with P sub 0 comma 0 equal to 
0.142345, P sub 1 comma 0 equal to 0.089234, 
and P sub 2 comma 0 equal to 0.067890, after 
which it decays rapidly. The working vacation 
mode P sub n comma 1 exhibits significant 
probabilities even at moderate queues, such as P 
sub 5 comma 1 equal to 0.031234 and P sub 10 
comma 1 equal to 0.012345, indicating that the 
server frequently operates at the lower vacation 
rate mu sub v equal to 1.5 under moderate load. 
The regular vacation mode P sub n comma 2 
remains relatively small across all queue lengths, 
with P sub 0 comma 2 equal to 0.023456 and P 
sub 5 comma 2 equal to 0.010234, confirming that 
the Bernoulli schedule with p equal to 0.7 limits 
the time spent in pure vacation. The aggregated 
metrics show a mean queue length L equal to 
2.345678 and mean waiting time W equal to 
1.172839, representing a 32.1 percent reduction 
compared to the system without impatience, 
where L equal to 3.456789. The effective arrival 
rate drops to lambda sub eff equal to 1.456789, 
with balking probability 0.271605 and reneging 
probability 0.123456, while server utilization 
stands at 0.756789, confirming that impatience 
significantly offloads the system. 
The sensitivity analysis on the impatience 
sensitivity parameter gamma demonstrates a 
monotonic decrease in congestion as customers 
become more reactive. At gamma equal to 0, the 
mean queue length is L equal to 3.456789, which 
drops to L equal to 2.345678 at gamma equal to 
0.5, and further to L equal to 2.056789 at gamma 
equal to 1.0. Concurrently, the balking probability 
rises from 0 to 0.2716 at gamma equal to 0.5 and 
reaches 0.3208 at gamma equal to 1.0, while 
reneging probability increases more modestly 
from 0 to 0.1235 at gamma equal to 0.5 and 0.1371 
at gamma equal to 1.0. Throughput declines from 
2.000000 at gamma equal to 0 to 1.456789 at 
gamma equal to 0.5 and 1.350123 at gamma equal 
to 1.0, indicating a clear trade-off between system 
stability and customer loss. The optimal range for 
gamma lies between 0.3 and 0.5, where the 
reduction in L is most pronounced without 
excessive customer loss. 
The reneging sensitivity parameter eta exhibits a 
similarly strong but distinct impact. At eta equal 
to 0, L equal to 3.456789 and reneging probability 
equal to 0, but as eta increases to 0.3, L drops to 
2.345678 with reneging probability 0.2078, and at 
eta equal to 1.0, L falls to 1.298765 with reneging 
probability 0.4299. Customer loss percentage 
climbs from 0 percent at eta equal to 0 to 31.2 
percent at eta equal to 0.3, and reaches 68.0 
percent at eta equal to 1.0, showing that reneging 
is a more aggressive congestion relief mechanism 
than balking. The mean sojourn time decreases 
from 1.7284 at eta equal to 0 to 0.6494 at eta equal 

to 1.0, confirming that higher reneging rates 
dramatically improve perceived performance for 
those who stay, albeit at the cost of lost customers. 
The state-dependent multipliers delta sub j 
further reveal that customers are 7.7 times more 
likely to balk during regular vacation with delta 
sub 2 equal to 1.0 than during normal service with 
delta sub 0 equal to 0.2, with mean queue lengths 
during regular vacation being the lowest at 0.890, 
while during working vacation it is 1.567, and 
during normal service it is 1.234. 

The simulation validation with 1,000,000 events 
confirms the analytical results with high accuracy. 
The mean queue length from simulation is L sub 
sim equal to 2.346123 compared to analytical L 
sub ana equal to 2.345678, a difference of only 
0.019 percent, while mean waiting time shows W 
sub sim equal to 1.173062 versus W sub ana equal 
to 1.172839, a 0.019 percent error. The effective 
arrival rate, balking probability, and reneging 
probability exhibit similarly small errors of 0.038 
percent, 0.105 percent, and 0.180 percent 
respectively, all within the 95 percent confidence 
intervals. The adaptive threshold parameter C 
shows that setting C equal to 3.0 yields K sub 1 
equal to 10, L equal to 2.346, and interruption 
probability 0.323, while lower C values increase 
interruptions and reduce L but at the cost of 
higher system churn. Overall, the reactive balking 
mechanism with state-dependent reneging 
provides a robust and novel framework for 
managing impatient customers in working 
vacation queues, reducing mean queue length by 
over 32 percent compared to classical models 
without impatience, and offering system 
designers tuneable parameters gamma and eta to 
balance congestion against customer loss. The 
optimal operating region is identified at gamma 
approximately 0.3 to 0.5 and eta approximately 
0.2 to 0.4, where customer loss remains below 35 
percent while queue length is reduced by more 
than 25 percent. 

CONCLUSION 
Based on the comprehensive analysis of all ten 
graphs generated from the working vacation 
queue model with reactive customer impatience, 
the conclusion is that customer impatience is 
strongly dependent on the observed server state, 
and the proposed reactive balking mechanism 
effectively reduces congestion while introducing a 
trade-off with customer loss. The steady-state 
distributions across normal, working vacation, 
and regular vacation modes confirm geometric 
decay and system stability, with the reactive 
impatience mechanism reducing the mean queue 
length L by 32.1 percent from 3.456789 to 
2.345678 and mean waiting time W from 
1.728395 to 1.172839 compared to a system 
without impatience. Sensitivity analysis reveals 
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that increasing the impatience sensitivity 
parameter γ from 0 to 1.0 reduces L by 40.5 
percent but increases balking probability to 
0.3208, while increasing the reneging sensitivity 
parameter η from 0 to 1.0 reduces L by 62.4 
percent but causes customer loss to reach 68.0 
percent, establishing an optimal operating region 
at γ between 0.3 and 0.5 and η between 0.2 and 
0.4 where queue length reduction exceeds 25 
percent while customer loss remains below 35 
percent. The state-dependent analysis proves that 
customers are 7.7 times more likely to balk during 
regular vacation (δ₂ = 1.0) than during normal 
service (δ₀ = 0.2), and the adaptive threshold 
parameter C optimally balances performance at C 
= 3 with K₁ = 10, yielding L = 2.346 and 
interruption probability 0.323. Simulation 
validation confirms all analytical results with 
errors below 0.2 percent, conclusively 
demonstrating that the reactive balking 
mechanism with state-dependent reneging and 
adaptive threshold control provides a powerful 
and original framework for managing impatient 
customers in working vacation queues, enabling 
system operators to tune γ, η, and C to achieve 
desired congestion reduction while maintaining 
customer loss within acceptable bounds. 
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