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Abstract

In this work, we establish several results concerning common coupled fixed points and coupled coincidence points for mappings
that fulfill various contractive conditions within the framework of complete C*-algebra valued rectangular parametric metric space.
Furthermore,we demonstrate the applicability of these theorems by proving the existence and uniqueness of solution to a Fredholm

nonlinear integral equation.
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Introduction
In recent years, the Banach fixed point theorem has been
extended by numerous researchers across a variety of
settings and frameworks,including b-metric spaces,Sp
metric spaces,cone metric spaces,G-metric spaces,partial
metric spaces,neutrosophic metric spaces,complex valued
metric spaces,bipolar metric spaces,modular metric
spaces,etc. In addition,various generalizations of contraction
mappings in complete metric spaces have been proposed
and developed through different approaches.

The concept of a coupled fixed point was initially
introduced by Guo and Lakshmikantham(1987).Bhaskar
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and Lakshmikantham(2006) further developed the idea of
defining the mixed monotonicity property and establishing
theorems on coupled fixed points and coupled coincidence
points.

The definition of parametric metric spaces was
introduced by Hussain et al.

Branciari contributed to the field by generalizing the
notion of a metric space to a rectangular metric space and
proving corresponding fixed point results. Ma et al. were the
first to present the idea of C*-algebra valued metric spaces
and to establish fixed point theorems within this context.

The objective of this paper to establish a common
coupled fixed point theorem for mappings satisfying various
contractive conditions in the context of C*-algebra valued
rectangular parametric metric spaces. We illustrate the
applicability of these results by proving the existence and
uniqgueness of solution to a Fredholm nonlinear integral
equation.

Preliminaries

We begin by reviewing some fundamental definitions,
notations and results related to C*-algebra.

Let A be a unital algebra. An involution on U is defined as
a conjugate -

linear mapping ¢ — ¢* that satisfies the following
properties,¥Y¢, w € A:

* (sw) = w¢

e () =g

An algebra equipped with such an involution is referred to
as a *-algebra.lf

2 contains a multiplicative identity element 1,,then the pair
(U,*) is termed a unital *-algebra.

Published: 25/02/2026
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A Banach *-algebra is a unital *-algebra (2,*) thatis also a
complete normed space,where the normis submultiplicative
and satisfies ||¢*]| = |[s]l, V¢ € 2.

Furthermore, if a Banach *-algebra (2,*) fulfills the condition
lls*sll = llsll* V¢ €

A, then A is known as a C*-algebra.

An element ¢ € U is called positive if ¢ = ¢* and its spectrum
o(¢) € Ry, where a(¢) = {c € R:¢ly — ¢ is not invertible}.The
set of all positive elements in A is denoted by ..

This set A, enables us to introduce a partial order on U: for
w, ¢ € A we write

w 7 ¢ifw—¢ €W If ¢ € Wis positivewe denote this by ¢ =
0,,where 0, is the zero element of QI.Thlus, A, denotes can
be described as {¢ € U: ¢ = 0} and (s*s}2=Ig

Definition 2.1

A mapping 7: WZ X (0, «0) - U is said to define C*-algebra

valued rectangular parametric metric space on anonempty

set Y if the following conditions are satisfied:

e 7(3,5,¢) =0iffi=H,Vi,h e P& L> 0.

e 7(G,5,4) =7(b,1, )

e 7(3,5,%) <7(G,a,2) +7(a,b,¢) +7(b,H,%) Vi, h,a,b€E
Y& £> 0.

Therefore, (W, U, 7) is a C*-algebra valued rectangular

parametric metric space.

Definition 2.2

Consider a C*-algebra valued rectangular parametric
metric space (¥,2,7) and asequence {j } in¥.Apointj in¥
is defined as the limit of the sequence {j }, iflim Jim7Gi, ) =0,

In this case, the sequence {j } is said to converge to j.

Definition 2.3

Let (W U, T) be a C*-algebra valued rectangular parametric

metric space.

- A sequence {j } is called a Cauchy sequence if
dim (i, 5,,,€) = 0,v€ >0,

e (W2U,7) issaid to be complete if every Cauchy sequence
in ¥ converges.

Definition 2.4

Suppose W is a nonempty set.

Apair(j,h) in W x W isreferred to as a coupled fixed point
of W XW —>W ifd(j,h) =i and 6(h,i) =b.

A pair (j, ) in ¥ X W is referred to as a coupled
coincidence pointof : P X ¥ » W and A: ¥ - W if
0(j,b) = Aj and 8(b, j) = Ab.

« Apair (j, b in P X W is referred to asa common coupled
fixed pointof &: P X W - W and A: ¥ -» W if8(j, h) =
Aj=jandd(bh,j) = Ah=D.

Definition 2.5

A pair of mappings 3: Y x ¥ - Wand A: ¥ - ¥ is called

w-compatible if, whenever Aj = 0(j, §) and Ah = 3(H, 1),
it follows that A(8(j, §)) = d(Aj, AD).

Main Results

Theorem 3.1

Let (W, U, 7) be a complete C*-algebra valued rectangular
parametric metric space. Consider two mappings 0: ¥x ¥
— Wand A: ¥ = Y satisfy the following condition:

7(0(j, b), 6(m, ), &) < S TN}, Am, £)S + S “1(AD, N\, £)
S, () foranyj h,m,py e Y, |

where £> 0, S € A with ||&]| <™.

Assumefurther that 3(Wx V) € A(W) and A(W) isacomplete
subspace of Wthen & and A have a coupled coincidence
point.If the pair (8, ) is w- compatible,then there exists a
unique common coupled fixed point in .

Proof. Let j , b, € W.Define A(j) = 06(j, b,) and A(D,)
= 0(b,, i,) By iterating this process,we construct two
sequences {j }and {p }in ¥ such\}hat NG,,) = 6G,5,)
and A(p,,) = 8(b,,i,).Using conéition (1) we obtain,
N, Ny ®) =70, .9, 8G,,5,),©)

<IN, N, )G + S “1(\p,_,, A, £)S
< N, N, & +7(\D,_, AY,, £)] & 2

n—-1’

In the same way,
(AD,, AY, .., €) =700, i, ) 00,i) 8

< G IN\y,_, Ab, £)S + & I(N,_, N, &)S

< GIAY, ,Np,&) +TNi,_, N, S (3)
Assume
A="TN,N,.» 2) + (A, AV 0)

By combining (2) and (3), it follows that

A= 1N\, N, 0 + TN, AD, 0

< &1\, _» Ny ©) + T(A\Y,_,, Ap, OIS + S [T(AD, _,,
Ap, &) + TN, N, 0] S

< (V28) [1N,_, N, i, 0 +7(Np
< (V28) A, Jze)
Utilizing the fact that if un,oo € YA, and uu < » v, then
6*'u6 < &*psitfollowsthatforanyn €N,

A b, O(V28)

n—1’

O <A< (V28) At (V2B) <+ < (V28) A (V2S)"

If A,= 0,, then the mappings 8 and A possess a coupled
coincidence point (i, b,).

With the assumption A < 0, it can be shown that for any
n,0 €N,7(Ai ,Aj,?) < I(Aj,,,Ai £) + (A

g n+o’ . . n+o’ n+o—-1’ n+o-1’
AIn+o—2’ f) + -‘(Aln+o—2’ Aln’ f)
= 7(Aln+a’ AIn+o—1’ f) + —‘(Aln+u—1’ AIn+o—2’ f)
+ [T(Ain+o—2' Ain+o—3’ f) + T(Ajn+o—3’ Ain+o—4' g) + 7(Ajn+o—4—’
Aj, )]
= 7(Ajn+o’ Ain+o—1' f) + 7(Ajn+o—1’ Ajn+o—2’ ‘E) + T(Ain+0—2'
AIn+0—3‘ f) +
+ 7(Ain+3’ Ain+2’ g) + 7(Ajn+2’ Ain+1’ f) + 7(Ajn+1’ Ain’ g)
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7(Abn+a f) = T(Abnﬂz n+o v 1'0) + 7(Abn+a—1’
A n+a 2! f) + 7(Abn+o—2’ Abn f)
= 7(Abn+a’ n+o—1’ ‘g) + 7(I\I)n+o 1’ I’)n+o 2’ )

(/[\_‘b(Abn+oA2[; ‘gslii—o 3 -€) + T(Abn+o 3' n+o -4 -f) +
n+o—4" n’

= T(Abn+o n+o 1 #) + 7(Abn+o 1 Abn+a 2’ ) +
7(Abn+a—2’ Abn+a—3’ f) +-

+ T(Abn+3’ n+2’ f) + 7(Abn+2’ n+1’ g) + 7(Abn+1’ Abn’
)

Thus,

7(Aj,,,, A, £) + 7(AD,, , AD, £)

< [1(Ai,,, A,y ©) + T7(AD,,, AD, O]

+ [0y Ay ©) + 7(AD,,,_, AD, )]
wro-2 Moy ©) +TAY,, AD,, o O)] +
+ [7(A],,p A, ©) + T(AD, ,, AD, £)]

S M+o—1tAnto—21 -ty

n+o—1"

+ [Ty, Al

snto—1 o— nto—2 nt+o—2

IS T WS R = MR W= S

+ (\fﬁ)m Ao (\/E)”

n+o—1
= ¥ (V28 A, (V28
j=n

From which it follows that,
n+o—1
2]
S Ivzell Mo

Jj=n

[17(Ajn+o, Ajn, €) + T(Abnso, Abn, O)|| <

o]

2
< VIV28S] No

j=n
2j
[IVZS]|
=——MN
1-— ||\4/26||
As &l <, we obtain
—
. . INS]1
I7(Ajn+o, Ajny €) + T(Abnto, A, O)]] £ ———— Ao — 0,
11— |v2g]|

which is taken together with

AL, Al E) < T(Af,,AfL, ) + T(AD,, , AD )
and
7(AY,,, AD,0) < T(Aj,, Al f) +T(AD,, , AD,, £)

implies that {Aj } and {AD } are Cauchy sequences in A(WP).
Because {A} } is complete there exist elements j,hH € ¥
such that lim Aj = Aj and

lim Ab, = A.

n—oo

Let us now prove that (j, ) = Aj and 8(b,}) = Ab. For this,
(8B, AGL €) < T(8(1,5),Ai, .., £) + T(Af,,, A} )
<(8(,1),8(,b,), €) + (A, ,, Aj, £)

< &"(Aj, A}, £)S + S 7(AD,, AY, £)S + T(Aj, ., A, )
Asn — oo, we have 7( 8(3,h), A}, £) = 0y which implies that
8(1,b) = Aj.In a similar manner, §(H,{) = Ah. Thus, 8 and A
have a coupled coincidence point (j, b).

Suppose (i, b") is another coupled coincidence point of §
and A. Then,

T(AL A}, €) =T(8(,5), 83,5, £)

< G"(Aj, Af, £)S + S “1(AD, AY, £)S 7( A, AW, £) = 7(
8(b,1).8(0’1),4)

< S"7(Ah, AY, £)C + G 1(Af, Af, £)S

As a result,

(AL AT, £) + T(Ab,AD', £) < (V2G) (T(A}, AT, £) +T(Ab, AY, £))(VZS)

from which it follows that
I7CAj, AT, £) + 7 AD, AY, DIl < |[V28|| 117(A}, AT, £) +
7(AD, A, II.
Given that ||V28|| < 1,it follows that [[7( Aj, Af, €) + 7(
Ab, A, £)|| = 0Thus, we conclude Aj = Aj and Ah = Ab.
Following a similar argument,one can also show that Aj =
Ab and Ah = Aj. Then 8 and A have a unique coupled
coincidence point (Aj, Aj).
Now,let x = AjThen x = Aj = 8(j, ). Since 8 and A are
w-compatible,we have
Ax=A(A]) = A1) = 8(A}, Af) = 8(x,%).

Therefore, 8 and A possess a coupled coincidence point
(Ax,Ax).Since, Ax = Aj, we havex = Aj = (j,i). Consequently,
8 and A have a unique common coupled fixed point (z, x).

Corollary 3.2

Let (W, 2, 7) be a complete C*-algebra valued rectangular
parametric metric space. Assume there is a mapping &: ¥
X W — W that satisfies the condition

70833, b), 8(m, ), £) < S7(j, m, £)S + S (D, v, )G, @
foranyj, hm,p € ¥, 1

where? > 0, S € U with ||| <

Under these assumptions, 8 possesses a unique coupled
fixed point in¥.

Lemma 3.31*4

Suppose that 2 is a unital C*-algebra with a unit 1.

o Ifj € Ay with [[j|| < %, then 1y — jis invertible

o Ifj,h € A, andjh = bj, then 0, < ih

o If,h € A, andf € A’ thenp, < h deduces fj < T,
where ' =U NA.
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Theorem 3.4

Let (W, 2, 7) is a complete C*-algebra valued rectangular
parametric metric space. Consider two mappings &: ¥ X
¥ > WY and A: ¥ - W such that

7(8(1,b), 8(m, n), £) < 27(8(, b), Aj, £) + 4 7(8(m, v),
Am, £), (5)
foranyj, b, m,p € ¥,

where £ >0, x4 € U’ with ||x|| + |ly || < 1.

Assume further that (¥ x %) € A(¥) and A(WP) is a
complete subspace of ¥, then 8 and A have a coupled
coincidence point.If the pair (8, A ) is «- compatible,then
exists a unique common coupled fixed point in ¥.

Proof.
As in the proof of Theorem 3.1,construct the sequences {i}
and{p }inWwith A(j ,,) = 8(j,b) andA(p,,) = 8(h,
i, ).Then using (5),
1A, Aj,,, €) = 780G, b, 8(G,,D,), )

<x78(, b, ) Al,_, ¥) + 4783, D) Aj, £)

= x7Aj,Af_,0) + 4 T(A] L, A, D)
Thus,
(y =T}, Af,, 0 £) < 2 T(A], A

n—-1’ n+1’

n—1’ [)
In the same way,
(191 - y)T(Abn, Aan: ) <=x 'f(AI)n, Abnﬂ' ?)
Given that x, ¢ € U," and ||x|| + ||% || < it follows that
(1, — y)isinvertible and (1, — »)"'x € A’ Hence,
AL, AL, ) < (L — 972 1A, A, 0)
T(Ab,, AD,,, £) < (1, — %)% 1(Ab,, AD__, £)
Thus,
I17CAi,, A, DNl < [I(L, — ) 2117, AT, DIl
I17AD,, Ab,,,,, )| < (1, — %) #[lI[7(AD,, Ab, _, )]
It follows from the fact that
(= ») -1l < (g — Ml < Xllgll* llxll =
£=0

111l

<1
Ll F72]

Thus,the sequences {Aj } and {A b } are Cauchy sequences
in A(W). Since
W iscomplete thereexistj,h € W suchthat lim Aj = Aj and

lim Ab, = AB.

ince,

T(8(, 5),Aj, £) < 1A, 8(3,5), £) + T(A ., A}, )
=7(8(,b,), 80, H), ) + (A}, Al £)
<x78(,b,) Al 0) +4 783G, D), AL £) + T(A],,,, AL )
<2 7(Af,,p ALy 0) + 4783, D), AL ) + T(Af,,, AL )

which leads to i

763G, 0, ALE) < (1 — 4 ) 'x T}, Al f) + (1 -y

)(A],, AL D)

Like above

n+1’

[e3]

184}
e~ -2l < (e~ 97l = ol el = L T <1
‘ =y
£=0

Asaresult, 7(8(3,b), Aj, £) = 0, orequivalently8(j,b) = Aj.
In the same way,
8(h, i) = Ab. Now, suppose (i, ") is another coupled
coincidence point of § and
A.In that case,
T(Af, AL ) <7(8(1,5), 831, D), £)

<x7(8(i" 1), Ai, ) + 4 7(8(1, ), A}, £)

=z 1(Af, Af, £) + 4 T(A], A, £) = 0,
Hence, 7(Ai',Aj, £) = 0y andthen Aj = Aj.In the same way,
T(AY, AD,£) <7(8(Y’i"),8(h, 1), €)

<x7(8(’i'),Ab,¢) + 4 7(8(b, 1), Ab, £)

= x 7(AY, Ab, £) + 4 T(Ah, Ap,£) = 0,
Hence, 7(AY’, A, £) = 0,, and then Ap’ = AD. Similarly, we
have Aj = Ap and
Ab = Aj.Thus, 8 andA have a unique coupled coincidence
point (Aj, Aj).Furthermore, it can be demonstrated that 8§
and A possess a unique common coupled fixed point.

Theorem 3.5

Let (W, U, 7) is a complete C*-algebra valued rectangular
parametric metric space. Consider two mappings &6: ¥ x ¥
- W and A: ¥ - W satisfy the following condition:

70831, b), 8(m, 9), £) < x7(8(], ), Am, £) + 4 7(8(m, v),
Aj, ©), ©
foranyj, hm,py € ¥,

where £ >0, x,4 € U, with ||x|| + |ly || < 1.

Assume further that (W x W) € A(W) and A(W) is a
complete subspace of

Wthen 8 and A have a coupled coincidence point.If the pair
(6 ,A)isw-compatible,then there exists a unique common
coupled fixed point in Y.

Proof.
As in the proof of Theorem 3.1, construct two sequences {
Jand{p }inW¥
with A(j,,) = 8@, b,) and A(D,,,) = 8(b,, },)-Using
equation(6),
(A, Aj,,, £) = 168G, 5, 8, 5,), ©)

< 278G,y b, ) Ai,y £) + % 18, b, A, )

< 2 I(Aj, A, £) + 4 1A, A, D)

=Y 7(Ain+1’ Ainfl’ f)

<y 1A, Al D) +4T(Af AL ) + 4 T(Af,, Al
which implies
(1, — PIAi, A, &) < 4 1A, Al o) 7)
Due to the symmetry in (6) , we obtain
7(Aj,,, Al €) = 7(8(G, 5,), 8G,_,b,_) )

<x78@G,b) Ai,_, 0+ 783G, b, ) Aj, )

< 27}, AL, 0) + 4 T(Af, AL D)

= x 1A, A, ©)

< x7(Aj,,, A}, ) + 2 T(AG LA ) + x T(A}, A
which implies,

(1y—2)7(Af,, Af

n+1’ n—-1’

)

n—1’

?)

n—-1’

) < x (N, A, ?) (®)

n+1’

Using (7) and (8), we deduce that
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x+
2
Giventhatx,¢ € U " and [lx + ¢l < lx|| + [lg || < 1,it

follows that
1y~ 2yt € u .Combined with Lemma 3.3(3), it leads to

x+

Y )7(Ain’ Ain+1’ [) = 2 Y 7(Ajn' Ain—l' {)

1y -

Tx+y
2

x+
7(Ajn‘ Ajn+1' {’) < (Ay- Ty) ) 7(Ajn' Ajn—l' {’)

x+y xt+y
Define T=0a—-——) —— .Then,

=l = | Qo=

x+y lx+ty
3 ) 2 <1

Applying the same reasoning as in Theorem 3.4, we find
that {Aj,} is a Cauchy sequence in A(WP). Likewise,it can be
shownthat{A b }are Cauchy sequencesin A(W¥).Since (W)
is complete there existj,h € W such that

lim Aj = Aj and lim Ap_ = Ab.

n—co n—oco

Next, we demonstrate that 8(,5) = Aj and 8(), j) = Ab. 7(
8(1,0), Aj, £) < 7(Aj,,,, 831, D), £) + (A, Al )

=7(8(,,b,), 80, 0),¥) + T(Aj,,,, A, £)

<2783, 0,) A €) + 4 783, 0), A, £) +T(A],,,
Aj, )

< x7(Aj,,,
which implies
I7C8G, ), AL DIl < ll2lI17(Af,,,,, AL DIl + [141117(8 (5, D),
Aj, Ol + [17CA],,,, AL D)
By virtue of the continuity of both the metric and the norm,
it follows that
I7C8G, B, AL DI < Nl%lITE G B, AL OII-
Since ||¢|| < 1 ,itimplies that ||7(8(j, §), Aj, £)|| = 0, and
consequently 8(j, ) = Aj. By analogous argument,we
can obtain (b, i) = AbhThus, (j, §) constitutes a coupled
coincidence pointof § and A.By applying the same argument
asin Theorem 3.4, we can conclude that 8 and A have unique
common coupled fixed point in W.

Aj, ) +4 (831, D), Aj, £) +T(A],,,, AjL £)

n+1’

Application

In this section, we illustrate the applicability of the coupled

fixed point results established in Section 3 by demonstrating

the existence and uniqueness of a solution for a system

of integral equations. Specifically,we examine a coupled

system of two nonlinear integral equations given by:

i) =9®+ [¢ o1 2)i(%),HR) d3 hLireé

h(®) =g + fg £3,5(),i(2) dA hireé

where E is a measurable set. Suppose (forallj,) € W)

e PEXEXRXR - Randge L)

« There exists a continuous function p:E XE - R and u
€ (0,1), such that

< ulp@ DI = m@] + 5 — 9D + 1= p7D)
forallt, ) € &

sup ¢ |ptMldrs< L.

te€

Then the integral equation has a unique solution in ¥,
Proof.

Let £ = L~(€) denote the set of essentially bounded
measurable functions on € and B(L*(E)) represent the set
of bounded linear operators on a Hilbert space £?(€). Define
themapping ¢:& x& = (L%2(E)) by ¢(3,h,%) = Ty or where
m : & - K is multiplication operator given by 7(3) = a.3
for3e K andr > 1.

Definey: ¥ x W — W by

YD =9® + [¢ £EXI),bM) dr VEIEE
Define w = ul, then w € A and ||w|| = 4 < 1. Forany g €
L2(E), we have

[I7C 8G, 1), 8(m, ), DIl = . ﬁup(nﬂa(lrh)’“"‘rul\7+lqr )
all=1

= l"| sup [1(8G.B) — 8(m,p)|" + Da(r)qleyd t
all=

< ¢ sup fﬁ[fg l@ 3, i), () — ot 3 mQ), p(3))|dA"|q(®)]2dt + sup ,[tl(t)lzdtl
llall=1 llall=1

= l’HSHup Tl DIAG) = m] + 150 = 9 + 1= o DIda@®)2dt + 1
qll=1

=€ sup lgf l!E lo(t DldNTa®12dt(ll§ — mll" LT Ilh— r)ll’m)
llall=1

= p sup [ lo@Dlax [oImIzdicerli —mlir o, + 5=l D

=< pCll; = ml -+ 15—l D

= lollITG, m, O + [17Ch, », HII]-

Consequently,all the hypotheses of Corollary 3.2 are satisfied.
It follows that the integral equation admits a unique solution.
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