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Fixed Point and Coupled Fixed Point Theorems on
Modular Bipolar Metric Space with an Application to

Integral Equations

Maria Merlin S!, Leema Maria Prakasam A%

Abstract

We introduce the concept of modular bipolar metric space and prove fixed point and coupled fixed point theorems on modular bipolar
metric space using covariant and contravariant conditions. We provide an application to an integral equation.
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Introduction

Fréchet introduced the theory of metric spaces. Numerous
problems are solved with the existence of unique solutions
by using the theory of fixed point. In literature, there are
many kinds of metric spaces such as partial, rectangular,
cone, b-metric, etc.Mutlu and Gurdal (2016) introduced the
concept of Bipolar metric space and proved the existence
of fixed point results for covariant and contravariant
contractions. Also, they investigated some fixed point
and coupled fixed point results on this space.Chistyakov
introduced the notion of modular metric spaces generated
by F-modular and develop the theory of this spaces. Also,
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he defined the notion of a modular on an arbitrary set
and develop the theory of metric spaces generated by
modular called the modular metric spaces. The idea of
a coupled fixed point was initially proposed by Guo and
Lakshmikantham(1987).Bhaskar and Lakshmikantham(2006)
looked into a few coupled fixed point theorems for mappings
and first proposed the idea of a mixed monotone property.
Many authors were able to derive numerous fixed point and
coupled fixed point and coupled coincidence theoremsas a
result.In this article, we proposed a new concept “Modular
Bipolar metric space”. We study and prove the existence of
fixed point and coupled fixed point theorems. We provide
an application in integral equations to validate our results.

Preliminaries

Definition 1. [7] A function w, : (0, e) X 9 X M — [0, oo] is

said to be a (metric) modularon 9 if it satisfies the following

conditions:

. »p=aif and only if w,(p.q)=0 for all #>0.

o o (pa)=w, (ap).

o W () <w, (p.a)+w, (a.v)for all ,7>0 and all p.g,teM.

Remark. [18] A modular w, on a set 9t, the function

0<A-w,(p.q) €[0,0] for all p,4 € 9, is a non-increasing on

(0, o).

Definition 2.[12] Let P! and B be nonempty sets and let
Ww,: 91 X g—R* beafunction, where R* denotes the

set of nonnegative real numbers. Consider the following

properties:

(B1) If w, (p,q) =0, then p=q for all (p,q) eM xY .
(B2) If p=q, then w, (p,q)zo forall (p,q)eim x50 .
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(B3) w,(p.qa)=w,(a.p) forall p,q eMNY .

(B4) W, (P1sd:) <w, (poa)+w, (P20 )+, (Po0 )

forall p,,p,eM and q,,q, €T.

Then:

- If(B2) and (B3) hold, then w, is called a bipolar pseudo-
semimetric on the pair (901, ).

« If w, isabipolar pseudo-semimetric satisfying (B4), it is
called a bipolar pseudo-metric.

« A bipolar pseudo-metric w, satisfying (B1) is called a
bipolar metric.

Definition 3. Afunction w,:(0,0)x M x Y —[0,]issaid

tobemodular bipolarmetricspaceon gn x 7 ifitsatisfies

the following conditions:
w, (.9)=0iff =9 for all 2>0.(p.a)eM x T .
w, (p,a)=w, (a.p) forall p>0,(p,q)eMNDY.

Wq)+§+z(pl’q2)s W¢(p17q1)+ W&(pZ’ql)+ w; (pzsqz)a

forall @,0 ,7 >0,forall p,,p,eM ,q,,q, €V

Definition 4. Let (M,.3) and (M..3,) be pairs of sets.
Let & : 91, UL, >, VY, .

. Covariant map : If £(,)c, and &(,)=Y,, then
& (M, ) =(M,.,).-
- Contravariant map :If £(2,)<, and $(T)<M,, then
¢ ((om,, L) 7N (M, B,).
- If w,and w, are modular bipolar metrics on (9,.%,)
and (Mm,.3,)
respectively, we write &:(m.0.w, )=(m.3.,) and
&(MDw, ) AN (M B, ),
Definition 5. Let (901,0, w,) be a modular bipolar metric
space.
(@) Apoint U € M U I is called:
« aleftpointi fu e,
« aright pointif u € T,
« acentral pointif u € MNY.
(b) A sequence (p,) in 9 is a left sequence; (49,) in U is a
right sequence.
(c) A sequence (u,) is said to converge to u if either:
(u,) is aleft sequence, U is aright point, and lim w,
(u,,u)=0, or "
(u,) is a right sequence, U is a left point, and ,1,1330 Wo
(u,u,)=0.
(d) Apair(p,,q,)in DM x Y is called a bisequence. Itis
- Convergent if both (p,) and (q,,) converge,
« Biconvergent if both converge to the same point.
(e) A bisequence (P, 4, ) is Cauchy if:
Ve>0,3 nyeN, suchthatV nmzn,, w,(p,,q,) <&
Definition 6. Let (7, T, w, ) and (9M,, T,, w, ) be modular
bipolar metric spaces.

- Amap & :(m, T, w)=>(M,, B, w,) is left-
continuous at p, eI, if
Ve>0,356>0 such that w, (p.a)<d = w, (£(p,).¢(a))<e,

qeg.

« Amap&: (M, B, w,)=(m,, B, w,)isright-continuous
atq, € J if
V £> 0,3 6>0 such that w, (p.a,)<8 =W, (£(p).£(1)) <

EPpeEMm,.

«Amapis continuousifitis both left-and right-continuous
atevery p € M ,andq € .

+ Acontravariant map &: (3,5, w, ) 2\ (9, Dy, Ve is
continuous iff it is continuous as a covariant map

£(OM, B, w,) = (M, Ty, w,)

Hence, a covariant or contravariant map & from (91,, U,

w, )to(IM,, *V,, w, )iscontinuousiff u, — v in (M,
| (%) n

Y, w, )= & (u,)> & (0)in(M,, T,, w, ).

Definition 7. Let (M, Y, w,, ) and (9IN,,T,, w,, ) be
modular bipolar metric spaces and 8>0.

A covariant map &: (9,0, w, ) 3 (IMN,,V,, W,,) such
that w,(£(p).¢(a))<6w,(p.q) for all pedN,,qey,,

or a contravariant map & : (9, Ly, w, ) ~ (9N,
,, w,, ) such that

w, (£(a).£(p))<0w, (p.q) forall peM,.q €T, is called Lipschitz
continuous.

If 6=1, then this covariant or contravariant map is said to

be non-expansive, and if 8 € (0,1), it is called a contraction.
Definition 8. Let (mv.,) be a modular bipolar metric
space and ¥ be a self mapping. Then ¥ is said to be
Chatterjea mapping if there exist & € (0, %) such that w,
(¢n.Ea)<alw,(p.a)+w,(a.20)], forall (p.q)eM x 7 .
Definition . Let (9.%.w,) be a modular bipolar metric
space, &: (m?,0%) 3 (IM,V) be a covariant mapping. If
&(pa)=pand &(q.p)= q for (p.g)eM* UV’ then (ra) is called
a coupled fixed point of the mapping &.

Result and Discussion

Fixed point theorems

Theorem 3.1. Consider a complete modular bipolar metric
space (m.9,w,) and a covariant contraction ¢ : (.., )=(t.2.w,)
Thus, the function ¢: MuT->M UV has a distinctive fixed
point.

Proof.

Assuming that & is a covariant contraction, there exists a
0 €0

suchthat w, (&(p).&(q)) <Ow, (p.q) for every (p.a)eMxV.
Suppose p, €M and g, <V . Assign &(p,)=p,,, and £(9,)=0,0
toeach neN.Now we need todemonstrate that (p,,q, ) is
abisequence on (9,2, ).
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For every positive integer # and m , we have

n’q ( ) qn—l ))
w, (b

S n l’qn 1)
Sez. Wq)(pn Z’qn 2)
<0"-w, (pOsqo)

W, (o) = w,,,(f(p,,,l),é(qn))
<6- w(p(pH,qn)
<0 w,(p,,.9,)
<6" wq,(po,ql)

If m>n,

W(D (pm’qn):W(pl (pm’qn+l)+w¢2 (pn :qn+1 )+ ?s (pn,q )
W, (prn’an )+0n Wo. (po,q1)+6’" Wo, (poaqo)
SW% (pm’qn+l)+9 [ W, (po,q1)+w (Po,qo)]
Meanwhile,
W, (pm’qwz)"'w% (pmsqﬁz)"'w% (pn+l’qn+l)

SW (pm,qy,+z) 9n+l %(po:q]) 9n+l
w, (p»1’qn+2)+9n+l|:

W(p (pm >qn+l )=
(pwqo)
(Po-1 )+, (po,qo)]

Likewise, we claim
W, (pm—laqm)"""’(p3 (pm—l’qm—l)

W, (p07q1)+0m—1 W, (powqo)
W, (Posd )+ W, (po’qo)]

W, (9,,9,)+
<w, (p,.4,)+0""
<w, (p,.a,)+0"" [

w, (pm’qm—l):

Determine D=w, (p,.0,)+w, (,9,) Using the equations
above, and Using the fact that ¢, =p, =@, =---=¢, , = 2,
we obtain

m-—n

Wo (pm’qn)SW% (pm,qM])Jrgn D
SW‘A (pm,qn+2)+6n D+6n+lD
<w, (p,.9,)+0"D+0"" D+--+0""'D

[
m

<0"D+6"™'D+---+0""'D+60" D
< o'D —0

1-6
Consequently, (p,.q,) is a Cauchy bisequence.

Since (m.vw,) is complete, the sequence (, )
converges and biconverges to a point. It is ensured
that £(4,) has a distinct limit if 7 eM~Y and
£(a,)=(a,,)>remny, with £(q,)>¢&(r) because &

continuous. Therefore,{,‘( ) ; it follows that 7 is a
fixed point of &.

If g(v)=v=veMnY and we have the inequality

w,(7.)= 1w, (£(7).£(v))<0 w,(vv), where 0 < @ < 1, if v is any fixed
pointof & .

Consequently, we conclude that w,(z,v) = 0.

Hence, 7=V.

Theorem 3.2. Consider a complete modular bipolar metric
space (™.%.w,) and a contravariant contraction &: (.%.,)
2N(MBw,). Thus, the function

E:M UY - MM U Y has adistinctive fixed point.

Proof.

Assuming that ¢ is a contravariant contraction, there exists
a 0 € (0,1) such that

w, (£(a).2(n)) <6w, (na) fOr €VETY (P,0)eMxV.

Suppose p,€ 9m . Assign £ (b,) =49, and & (9,) = p,,, to
each neN. Now, we need to demonstrate that (p,, d,) is a
bisequence on (M, %.w, ).

For every positive integer 7 and m , we have

W(p (pn' qn) = sz (§ (qn—l )’ 5 (pn))
<0 w, (P, 4,

< 02 ’ W(p (pn—l' qn—l)

<0 w, (9, qy)

W(p (pn’ qn+1 )= W(p (5 (pn—l)’ § (qn )

s 9 : Wgo (pn—l' qn)

<0 - w, (py, q))

If m>n,

@ (pm' qn) =
(pn’ qn)

(pm'an 02”

o (pm’ qn+1) + W (pn’ qn+1) +

(Do, ) + +67w (Po. o)

<w, (D, )+ 0% [w, (g, q)+w, (P, q,)]

Meanwhile,

=W, (pm7qn+ )+wz(pn+ 7qn+ )+W3(pn+1’qn+)
Ww (pm ’ qn+1 ) ! : ’ 1 ’ " I
Wy (58,0207 W, (90,0 )+07 7w, (po.0ly)

Sw(pl (pm ’qn+2)+92n+2 [sz (p09q1)+w(p3 (p05q0 )]

Likewise, we claim

W(p ( pm ’ qul ) =W, (pm’qm)+w(/72 (pmfl’qm)-’—wq;l (pmfl’qul)
W, (Po.ay)+0°""

<w, (p,.9,,)+0>" [

<w, (9,9, )+0™"" W, (Posts)

Wy, (Pysy )+ Wy, (Po-do) |
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Determine D= %,, (p,, a) + w, (P, 9)using the equations
above, and

Using the fact that ¢, =¢,=¢,=---=

O = , we obtain

m-—n

W, (9,50,)<W, (,.0,,)+0” D
SW (pm’qn+2)+92nD+92n+2D
sw (pm’q )+02”D+02n+2D+“.+92m_2D

m—n

<0 D+0""D+---+0>"D+0°" D
2n
s{ o°D }—>0
1-6

Consequently, the sequence (p,, 9,) is a Cauchy bisequence.

Since (m,,w, )is complete modular bipolar metric space,
the sequence (¥,,4.) converges and biconverges to a point.
It is ensured that (p,) and (q,) has a distinct limit if (p,) =
7,(4,) = T7,where r € m N U, with (p,) = T implies
that (4,) = £((P,)) = &(r)=(a.)>* because ¢ is continuous.
Therefore, ¢(z)=r

It follows that 7 is a fixed point of £&.

If v is another fixed point of ¢ , then &(v)=v=ve o N
3, such that

w, (7:v)=w, (£(7), £(v))

<6-w,(z,v).

4

Since0< @ <1,itfollows that w, (T,V) =0, and therefore,

T=V.

Example: Let M ={3,5,8,12} and U={4.7.10,12} equipped
with w, (p,q)=|p—q|.Then (92,%.w, ) isamodular bipolar
metrlc space.

The contravariant mapping ¢ :
is defined by

MU —->M Uy

12, zeM U{10}

z) =
5( ) { 8,otherwise
Thus, it satisfies the inequality w, (¢(a).£(n)) <@.w, (p.a),
for some
6 €(0,1).By Theorem 3.2, 9 has a unique fixed point.
Using a covariant contraction, we provide a Chatterjea-
type fixed point result, extending classical results to the
realm of modular bipolar metric spaces.

Theorem 3.3. Consider a complete modular bipolar metric
space (m.%.w,). and a covariant contraction &:(2.%.w,)=(M.2.,)
satisfying  w(@asalw(a)ow@i)] for every (pq)eMxy,
where a € (0, %).Then, the mapping ¢: muy-mouy has
a distinct fixed point.

Proof.
Assume p,eM and define sequences {p,} and {q,}

recursively by
,.=¢(p.) and B =¢(a,), forall > 0.

Wq) (P,,,CI,,) = th (§(pn71)7§(qn4))

<alw,(p,.¢(a,.))*
=a[w,(p,.q,)+W,
<aw,(P,54,)
<a" ~w¢(p0,q0).
Wy (P,58,) =W, ($(P,2)-€(a,0))

SO{I:WW (pnfz,/:(qn,] ))+Ww (Clnfpf(Pnfz )):|
=a[ W, (Py200,)+ 0, (9, 15P,1)]
<a-w,(p,01)
<o W, (po,q1 )

For every positive integers m and n, we consider
two cases:

w, (0, 1-£(n )]
o (a,00,)]

Case1: m>n

(pn’qm) (ﬂ] (p"’q")-’rwfﬂz (p”+1’q")+w¢’3 (pnﬂqu)
S(a”+a"“)'w (Po-d0 )+ W, (P,19,)
s(a +a" -t ) (9040 )-

Case 2: m<n
W, (pn5qm+l)

Wy (po’qo)"’W% (pnsqml)

+"'+a””)'W¢,(P0,q0)~

W(pl (pm+1’qm )+ Wq;z (pm+l’qm+l )+
(a2m+l +a2m+2).

(am+l +am+2

w,(p,.4, )=

I

IA

Since a € (0, 1), the sequence ww(pﬂ,qm) can be made
arbitrarily small by choosing sufficiently large values for m
and 7. Therefore, (p,.4,) is a Cauchy bisequence.

Given that (sm,,w,)is complete, (p,.q,) converges. This
implies that it also biconverges, as it is a convergent Cauchy
bisequence.

Let u be the limit point of the sequence (p,.4,). Then
we have

&(a,)=q,,>u, where ueMnY.

Since £ is continuous, it follows that &(q,)—>&(u), which
implies £(u)= u, so & has a fixed point.
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If v is any fixed point of &, then &(v)=v implies v €M Y,

w, (Su.go)<a|w, (o) +w, (0.5u) .
w, (wo)<a|w, (u.0)+w, (0.u)].
w, (u,0)<2aw, (u,b)

(1-2a)w, (u,0)<0

1
Since, 0 < « <5, it follows that
w, (u,0)=0,
u=n.

Corollary 3.4. Consider a complete modular bipolar
metric space (m,%,w,)and a contravariant contraction
& (M, B,w,) 7N (M, DV, w, ) satisfying

w, (¢agp)<alw, (p.ép)+w, (a.50)], for every (p.q)eM =B,

where « € (0, 2) Then, the mapping &: MM UB—-M UV has
a distinct fixed point.

Example

Let &:(9.B,w,)=(MV.w,) where (MDw,) be a com-
plete modular bipolar metric space. Let M be the
set of all real numbers of the form £ and 9 be the set
of all finite subsets of rational numbers in [0, 5]. Define

(5.4) ‘; min ( )‘-Hp -max(4)!, and & (A) = w 1
The mapping § satisfies the inequality

w, (§r.80) <a[w, (.60)+w, (0.60) |- forall (r.n) € M x .

Then & has a unique fixed pomt

ion: 0 e T B L
Squtlon.Letzm_{ 5 12,0,21 } ={4c0n[0.5]}.

Given W, (r,4)=lt—min( A)I+x —max(A4)|,

‘min(A)+1nax(A)+l min(B)+max(B)+ l‘

w(E(0)4(2)-| e - 3 \ (1)

and
w, (A,B)zlmin(A)—min(B)I+|max(A)—max(B)I 2
From (1) and (2), it follows that

Yo (rf(A),f(B))Sf

We can rewrite the inequality as

w, (4.5)

1
%[WW(F’?EYHW{,(WSP)]. Hence, @ = —

w, (£(4).5(B))< T

Maria Merlin S et al. 5332
For uniqueness, suppose & (47) = 4. then
in(A4' A )+1 +a+l
a:mm( )+r3nax( )+ 4 ;l

a= 1 .
Thus, & has the unique fixed point 1.

Coupled fixed point theorem

Theorem 3.5. Consider (.9.w,) be a complete modular
bipolar metric space, the mapping &: (m*,95°) 3 (9 ,0) be
a covariant contraction and a+ b < 1 where a and b are
non-negative constants.

If £ satisfies the condition

w, (£(x.).€(w0)) < aw, (r,u) +bw, (v.0) Q)]

where .9 € 9, u,0 € Y, then £ has a unique coupled
fixed point.

Proof.

Assume %€M and g, v, €U, We choose 1,y em with
n=¢(x.m,) and v,=&(n,,%,). Subsequently, assuming that
u,,0, €8 with u,=¢£(u,. v) and v,=&(v,,u,) and L.y, eM and
u,,v, €Y with F2=§(Fp‘)l),

u,). Following this procedure,
n,) and (u,,9,) with

Uzzf(npxl)' u2:§(ul’ul)5 Uzzf(nl’
we get the bisequences (x,.

La=&(8, 0,)39,.=8(1,.8,)
6( ) n+l (:C(Un’un)

forall neN".Let a+b=1I".Then applying (1), we obtain

w, (Fn’uml)zww (gz(xnfl’nnfl)ﬂé(un’nn ))
<aw,(r,.u,)+bw,(v,,.0,) @

and
W(p( Un,UnH):Ww (f(Un_l,In_l)’ég(t’n’un ))

<a W¢(Un " )+bw ( r, 1,un) (3)

Let ()n :W(p(xn’un+l)+w¢ (Un’UnH)
By combining equations (2) and (3) we obtain,

Gn :W(p (xn’unﬂ )+WW (Un 9Un+l ) Sa W(p (Urkl’bn)
+bw, (x,,u,))+aw,(r,.u,)+bw,(n,.0,)

=(a+0)(w, (.1, 4w, (9,1,0,))

=I'c

n-1
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Next, we get that

0<c,<I'c, <I’c, ,<-<I"g, (4)

Alternatively,

ng (xrwl?un )=

Wqﬂ (5(?,,, t)n )’é(unfl’nn—l ))

<aw, (x,,u,.,)+bw,(n,,9,) (5)

W(p(UnJrl’Un):W(p(g(Un’; )’g(nnfl’unfl))
<aW (Un’nn 1)+bW (Fn’ n 1)

forevery ne N".

Define

a, :W(D (xn-*-l’un )+Wq) (Um—l’nn)
By combining equations (5) and (6) we obtain,

an:ww(xwl’ )+w (Un+l’nn)
<aw, (z,.u,.,)+bw, (n,,0,,)+aw, (v,.0,, )+ bw,(z,.1,.)

=(a+b)(w, (z,-u,,)+w,(v,.9,,))

:ran—l
It follows that 0<q, <T'q,  <a, ,<-<Mq,. (7)
Also,
w, (;n’un):W;n(5(;7171’0"*1)’g(unfl’nnfl)) )
<aw, (1,51, )+ bw, (v,,,0,,)
W, (Un >0, ):Ww (g(nn—w;n—l )=§(Un—1 sU, )) (9)

<aw, (9,.4,0,.,)+ bw, (&,1,,)

forevery ne N*.

Let 8, =w,(x,.u,)+w,(v,.0,)
By combining equations (8) and (9) we obtain the following,

B=w,(x,.u,)+w,(v,.0,)
<aw, (x,,u,, )+ bw, (v,,0, )+aw, (n,,,0, )+ bw, (r,.u,.,)
=(a+b)( w(Fn )W, (nn,],b,ﬂ))
:Fﬂnfl

It follows that

0<B.<T B <I? B << B,. (10
Assume that G,,/,,0,> 0. Let m,ne N with n<m.
Then there exists

n, € N* such that

m-n

J4

) W, (El,,)+w,

m—n m—n

(Un ’Dn+1): n

w 4 (pn’un+1)+w [ (Un’UnJrl):Gn

m—n m—n

WL(FWHI’u )+WL(Un+1’U ):an
m—n m—n (‘I‘l)
w - (pn’u ) (Un’ ) _ﬁn
P

>0andn >"¢
m—n m=n

Invoking property (3c) of the modular bipolar metric space,
we obtain

for every

M)(p(xi’l’llm)S Wm -n (pn,u’ﬁ—l) +Wﬁ

u )t
(;"H’ ”+]) Wﬁ (;m—lﬁum)

(t)n ’Un+1 )+ Wﬁ

Ww (UH’UM) < wﬁ

(Un+1’nn+l)+n.+w ®

m—n

(Um—l’nm)

w
W(ﬂ (IM’un) < m(/in

(xm’um—l)_i_ v

m—n

w

(Pm—l’umfl)—l—.“+ ﬁ (;nﬂﬁun)

o )+
W¢(Umann)<wﬁ (Um 1) Wﬁ

(9,050, )+-+wW
: ﬁ (Un+l’nn) (12)

forevery n,me N and n<m. Hence, combining (4),(7),(10),(11)
and (12), we deduce

W, (;n,um)+w¢ (9,.0,,)< w,

(;n n+] )

(t)n’ n+]))+
(W n+1’ n+])+w [

9 (Un+l 7Un+] )J+ s
m—n

[W r,,u )+W (Um—lﬂnm—l )J"‘
( LU +WL (Unz—l’bm )])

m-n

w
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:Gn +ﬂn+1 +cn+l +“'+ﬁm—l +Gm—1
n n+l n+l m—1 m—-1
<I'o,+I'"" [, +I"" o, +-+I"" B,+ T" o,

:(l—w +rn+l Feeet rm—l)co +(l—~n+l +l—~n+2 +u_+l—~m—l)ﬂ0 (13)
rn rn+1

— 0.+ ——

ot A

and

Wq,(lﬂm,un)+W¢(Um,Un)S[W¢(Fm,um.)+w , (nm,nml)}r

m-n m-n

[w L (bt} s (s )]+ .

m-n m-n

[Wq; (Inﬂ’unﬂ)wl (Un+1’U|1+I)J+

m-n m-n

Wy (Gt,) 4w, ((9,00,))

m-n m-n

=a,  +f ot t +a,

n+l n+l

<T@+ B+ 4T +T B+, (14)

:(F” +T" et 1"'"")0:0 +(l“”*l +1? +---+l“’"")ﬂ0

r !
STr%t i A
for n< Since there exists n, such that r c Lﬂ
n gm. 0 1-T " 9+1-T
B, < 3 and
rn rn+1 8
a0+ ﬁO <
1-T 1-T 3
Combining (13) and (14) we obtain
&
w, (5,00,) 4+, (0,,9,) < =

for an arbitrary ¢>0 and for all n,m>n,. Thus (&,,u,) and
(9., %) are Cauchy bisequences. By the completeness of
(7,2.w,).there exist elements x,yed, u,veV such that

limg, =u,
limy, =v,
limu, =g,
limv, =y (15)

&
There exists n eN with Wg (r,,u)< E,WQ(UH,U) <
3

W | &

w &
? % (x’un)<§l

Yo (1.9,)< £, for all n2n, and ever 0.Si

¢ (o)<, 1 y £>0.Since (r,, u,)
and (v,,v,) ,
are Cauchy bisequences, it follows that Wg (5,5 < 5% O,
,9,) < % )

Moreover, from (1), we obtain
W(p(5(?"))7u)gwﬂ(é:(p’n)’unﬂ )+W£ (Fn+l’un+l )+WQ(§N|,U)
3 3 3

:Wf(g(;’r))’g(un’nn )) +W£(xn+l’uu+])+wf(z‘n+l’u)
3 3 3

<aw, (z,u,)+ bw, (9.0,)+w, (;M,uml)-kwg(;m,u)
3 3

™ w

for each ne N with T <1,we have w,(&(x.n).u)

= 0.

Therefore, £(r,n)=u. Likewise,it follows that &(v.r)=v,
&(u,0)=r and &(v,u)=n. Alternatively,from (15)we obtain

w, (r.u)=w, (limun,lim ;n)

=limw, (x,,u,)=0

n—0

n—o

and w, (v, ©)= w, (lim v,, lim t)“)

=limw, (1,,9,)=0 .

n—x0

Therefore, x =u and =0, which implies (;,r]) is a
coupled fixed point of .

To prove the uniqueness, let us assume another coupled
fixed point

(f)em? oy If (r',n") emt?, then we obtain

W, (zc ,zc*)zwq, (f(zf*,l)*),f(lf ’U))

*

<a(z',x)+b(n",n)

and
()=, (0.6 £00)

Sa(n*,n)+b(;*,;).
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Thus, #, (£ )+w, (9.0)<0((¢'x)+(v".n)) (16)

Since a+b=I'<1, from (16), we have w, (x",t)+w,(n".) =0.
Hence, we get t'=r andy'=n. Also, if(x’,v')e Y, we

have ' =r and v =y.Thus, (p ,t)) is a unique coupled fixed

pointof &.

The following corollary is deduced from Theorem 4.1, by

assuming the constants a=b.

Corollary 3.6. Let (m1.9,w,) be a complete modular bipolar

metric space, & :(9m°,Y*)3 (M, Y) be a covariant

mapping. Suppose that the condition follows

w, (&( ;,n),g(u,n))s% (a w, (x.u)+bw, (n.0)), a<l

where r, y € 9, U, p € 9, then ¢ has a unique coupled
fixed point.

Application

Integral Equations
Theorem 4.1. Consider the integral equation

o(£)=/(2)+ Imow P(£:9.0(v))dy (17)
where reM U U ,and M U Y isaLebesgue measurable set.
Suppose that:

« P :(9m*U 2*)X[0,0) > [0,)and fe L* (M) U *(T);
. AU T -[0,0) isa continuous function such that
P(x v, 0(n) —P(x, 0, w(v))|< kv(x. v) [p(w)-v(v)| for (¥, D) € M2 U V*;
fwow (@ v) v<  thatis, 3P Jmoo [a(x v)|dy<1,

Then the integral equation (17) has a unique solution in 1~
MU L ().

Proof.

Consider two normed linear spaces 4=77(("M) and B=r"
((T), where mt, U are Lebesgue measurable sets with m
(MM U DY) < . Define

w, IMxY [0, ) by ww((p,\u):go—\yx NVo,yeMxT,

Then (M, T, %) is a complete modular bipolar metric
space. Define the covariant mapping 7:L* (9)uL” ((V)—>L"
((M)wL (D) by

I(o(x))= £(x) + Imow P(5 0, 0(n))dy

where r € MU V.
Now, we have

w, ({0 (x)): 1(v(r))) =
1o(x)) - 1(v(x)),
| £(x)+ o w (5 0, w(ta_))dn = ()= [ P(x 9, w(n)) dy]

< Taow[P(5 9, 0(9) =P(x, v, w(v))| dy
<k Jpow 7(x0) 19 (n) — w(v)l dy

<ko-vy, -[Wlu‘l] Y(F’ U) dy
<ko—vy, sup [y ‘Y(L U)‘ dp
xeMu Y

< ko-vy,
= kw, (9(x), w(x))

Thus, all the conditions of Theorem 3.1 are satisfied and
has a unique fixed point. Hence, the integral equation has
a unique solution.
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