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Fixed Point Theorems in Controlled Multiplicative

Metric-Like Space
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Abstract

In this paper, we have introduced a new concept in metric spaces called Controlled Multiplicative Metric-like Spaces. We have established
fixed point theorems in this space by applying contraction. Additionally, we present a non-trivial example that demonstrates the
existence of fixed points within this new space. The findings contribute to the ongoing development of fixed point theory in generalized
metric-like structures and open avenues for further research in related analytical and applied domains.
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Introduction

In 1922, Banach introduced a ground breaking concept the
uniqueness of fixed point theory, and he proved numerous
results using this idea. Subsequently, many mathematicians
built upon Banach’s work. In 2018, Jachymski utilized fixed
point theory concepts in the field of Graph theory. By
merging fixed point theory and graph theory, he introduced
a unique graphical representation. Building on this, Nabil
Malaiki et al. Developed a new fixed point theory for
controlled metric type spaces with graph structures. The
set of positive real numbers is not complete under the usual
metric. To address this, the usual metric space is modified

'Research Scholar, PG and Research Department of Mathematics,
Holy Cross College (Autonomous), Affiliated to Bharathidasan
University, Tiruchirappalli-620002, Tamil Nadu, India.

2Assistant Professor, PG and Research Department of Mathematics,
Holy Cross College (Autonomous), Affiliated to Bharathidasan
University, Tiruchirappalli-620002, Tamil Nadu, India.
*Corresponding Author: A. Mary Priya Dharsini, Assistant
Professor, PG and Research Department of Mathematics, Holy
Cross College (Autonomous), Affiliated to Bharathidasan University,
Tiruchirappalli-620002, Tamil Nadu, India, E-Mail: priyairudayam@
gmail.com

How to cite this article: Antony, L.A., Jarvisvivin, J., Dharsini,
A.M.P. (2025). Fixed Point Theorems in Controlled Multiplicative
Metric-Like Space. The Scientific Temper, 16(12):5183-5186.

Doi: 10.58414/SCIENTIFICTEMPER.2025.16.12.05
Source of support: Nil

Conflict of interest: None.

© The Scientific Temper. 2025
Received: 06/11/2025

Accepted: 22/11/2025

to a multiplicative metric space, where the set of positive
real numbers becomes complete. In 2008, Bashirov et al.
introduced the concept of multiplicative metric spaces and
established initial fixed point results within this framework.
Subsequently, Ozavsar and Cevikel built upon this work,
proving fixed point theorems for multiplicative contraction
mappings in multiplicative metric spaces.

Extending these ideas, this paper explores multiplicative
metric spaces. Specifically, it proves novel fixed point
theorems in multiplicative metric spaces where the distance
between two points equals one. Fixed point theorems have
been developed by various researchers in multiplicative
metric spaces. In this work, we have established the
theorems using an “if” condition rather than an “if and only
if” condition. Utilizing this approach, we have extended
controlled metric-like spaces to multiplicative metric spaces.

Preliminaries

Definition 2.1[5] Let A be a non empty set, Multiplicative
metric is a mapping ¢:AxA > % satisfying the following
conditions:

«  o(sr)>1forall s,re® and eo(s.r)=tifand onlyifs=r

. o(s,r)= o(rs) for all s,rem

. o(s2)= o(s1) e(r2) for all s,r,zeR

Example 2.2 Let be a fixed number. Then Q,:FxF—[i,»] is
defined by

Q,(s,r)= al™

holds the multiplicative metric conditions.
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Definition 2.3 In a multiplicative metric space (S,¢) the €
-neighborhood of s S where e>1, is defined as: B.(S)=reS
: o(s,r) <€ (open) B_(s):Q(s,r) <e (closed)
Definition 2.4 Consider (S, ¢) a multiplicative metric
space, a sequence {a,} in S and seS then a,converges
multiplicatively tos.if For every multiplicative open ball B-(s),
there exists a natural number Q such thatif q2Q=S, eB_(s);,
then the sequence {s,}is said to be multiplicative converging
to s, denoted by s, = s(p—> @),
Definition 2.5 A sequence {s,} in S is multiplicative Cauchy
with respect to the multiplicative metric ¢ if: For any ¢>1,
there exists ¢ € O such that «(s, .5,)<c whenever p,q>0.
Definition 2.6 Let (A, Q) be a multiplicative metric
space and {q¢,} a sequence in A. The sequence is said to
be multiplicative cauchy sequence, if it is multiplicative
convergent.
Definition 2.7 Assume F=@ and »:FxF-[.») the function
u:FxF —[0.0) if it satisfies the following conditions:
o osr)=0 ifs=r
e osn)= ofns)

ofs.r) < u(s,z) o(s,z)+ n(zr) o(zr) forall s,r,ze F
is said to be controlled metric like space of F.

Result and Discussion
Definition 3.1. Assume F = @ and »:FxF 1<) the function
u:FxF—[l,»), for all s,r,zeF if it satisfies the following
conditions:
o(s,;r)=lifs=r
o osr)= o(r.s)
o o(sr)< n(s,z) o(s,2). n(zr) o(zr) is said to be controlled
multiplicative metric
like space (Controlled MMLS) on F.
Remark 3.2 Every controlled multiplicative metric type space
called controlled MMLS but the converse is not always true.
Definition 3.4 Let (F.o) is not a controlled MMLS, and {a,} .,
be a sequenceinF.
{a,} is convergent to aF,ifand only if ¢(a..2)= ¢(a.2) Here,
one write lim{a,j=a
{a.}is Cauchy, if and only if ¢(a,.a,) exists and is finite.
(F.0) is called complete if each cauchy sequence ~ " there
is some a €F such that

o(a,.a)= o(a,a)= o(a,.a,).

Definition 3.5 Let (F,0) be a controlled MMLS. Let a € F
and e > 1 To define a set

B_(a)={beS|o(a,b)< €}

which is called multiplicative open ball of radius € with
centre 4,

Definition 3.6 Let (F,¢) be a controlled MMLS. The mapping
a:F — Fis called continuous at ae F if for p > 1 thereis q >
1sothat a(B(a.q)) < B(a(a) thusif  is continuous at a, then

forany sequence {a } converging to a, we have limaa, = a,
that is l{fﬁf(tlansﬂa): o(aa,a,)=po(aa,aa). i

This result satisfies, Banach contraction principle on
controlled MMLS.

Theorem 3.7

Let « be a self mapping on a complete controlled MMLS
(F,o) sothat

g(a(a),a(r))ﬁg(a,r)K m

for all a,re F, where x<(0,1). For a, € F. Consider a,=a"(a,)
then

. H\ 81545, 1
plmﬁH wlaa) <t @

Leteach a e F

limu(a,,a),lim u(a,a,) (3)

n—o

exist and are finite. Then a possesses a unique fixed point
thatis 7€ F. We have ¢(z,7)=1.

Proof :

Let the sequence be {a,}=a"(4). Taking known equation 1,

we have

o(a,.a,,)<0(ap.a,,)" forall n>1 forall integers n<m
o(a,.a,)<u(a,.a,,)e0(a,a,,) u(a,..a,)0(a,..a,)

<p(ay,a,,)o(a,a,,) w(a,,.a,) (@, 0,,,)0(a,.,.a,.,) 1(a,,,a,)
‘u(a"*Z’am)'—ﬂ(awZ’am)

<u(a,a,,)o(a,a,,)0(a,a,,)1(a,,,a,) 1(a,.4,,)0(a,..4,,)
#(@10,) 1(ay,0,0,) 1(ay,0,0,) 1(0y12,0,.5) 0(8,.200,.5).
(@) 1(ays.a,) 1(a,5.a,)

<< ﬂ(an’ann )p(an’aml )l_lln;:til(l_lljznﬂ /'l(aj’am))/‘(aiaam)ﬂ(”i’am) .

L. u(ap.a,)0(a,,.a,)

<u(aya,.,)o(apna) T2 AT,. u(a.a,))u(a.a.,)o(ana)".

My, w(a.a,)o(apa)

<u(a,a,,)o(apa) T2 (T, 1(aa,))u(a,a,,)o(apa)".
M7 u(aa,)o(aga)”

<u(a,a,,)o(apa) T2 (T, 1(aa,))u(a,a,,)o(apa)".

Dueto u(a,r)=l1

,{}(an’am ) < ‘u(an,a,,ﬂ)p((lo,al )k“ H:’;il (Hlj:nﬂ /J(aj’am))/-‘(a,-aam ):_”(ausal )k’-

Let o, =112,(T), u(a;.a,)) #(a,.a,,)" then we have
g(an’am)Sp(aoﬂal)|:/’l(an’an+l)’(rmfl’rn)k :| (4)
Taking known equation ( 2 )and verified by ration test

satisfies the lim{s,} exist. Hence {q,} is a real Cauchy
sequence. Letting m,n —« in the inequality (4) gets
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limg(an,am):l (5)

The sequence {a,} is a Cauchy in (F.2). This is a complete
controlled multiplicative metric like space {4,} converges
tosome aeF
lirgg(a”,a):g(a,a): limmg(an,am):l 6)
Then ¢(a,a)=1. Itis claimed that aa = a. Applying condition
of triangle inequality

g(an’arz+l)</'l( n’ n)g(arﬂan) lu(an’anﬂ)p(an’anﬂ)

Taking all known equations (2), (3), (5), (6)

hmg(a anH) 1 @)

n—>x0

Using condition of triangle inequality and (1)

g(a,a(a)) < y(a,am)g(a,a””) .,u(aml,a(a))g(aw,a(a))
< y(a,an+l)g(a,an+l) .,u(a”“,a(a))g(an+l,a(a))k

Letting n — «. Adding the findings (3),(7). It concludes that
p(a,a(a)):l

i.e a(a)=a.Assume that a(c)=0 and a(m)=m. Here,

g(a,m)=,_a(a(m))S,_a(z,a(z))k (8)
It holds unless o(o,m)=1s0 O =m.

Controlled Multiplicative Metric Like Spaces

The researchers discusses about controlled Multiplicative
metric like spaces. It is denoted by (CMMLS) this metric
would been endowed with graph. A graph is denoted by
(v.E) here v is a set of vertices coinciding with F and E is
the set of its edge with Ac E . A is denoting diagonal of F*
assumes that G has no parallel edges.

Definition 3.8 Let tand s be the two vertices of agraph G. It
defines g e NU1 to be the length of the path between t and
sin G by a sequence (k)!, and q + 1 distinct vertices where
k,=t, k, =s,and (k;, k,,;) <E(G) fori=1,2,..,q.
Deﬁmtlon 3.9 Let (F,¢) be a complete CMMLS, endowed
with a graph G.

The mappinga:F— Fissaidto G, contractionifforall .5 € F,

(t,s)eE(G):(a(t),a(s))eE(G) 9)
thereis &: [1, ®) - [1, «)
C(a(t), @ (1)) < (C(t a(t))’ (10)

forall te X* where ¢ is non decreasingand [c(t)¢" | -1
forallt> 1.

Lemma 3.10 Let (F.¢2) be a complete CMMLS, equipped by
a graph G. Suppose that o :F—>F be a G, contraction. If
te X* then thereis q(t) = 1 so that

ofe (1), 0 (1) < (a(1)) ()
Forall ne N where q(t)=o(t, a(t))

Proof:

Let teF* then (t a(t)) € E(G)) or(a(t), t)
(t. a(1)) E(G). Hence,

(a“, o (t))eE(G) (12)
forall geQ

o0 (1), 0™ (1)) < (oo (1)

E(G)). Assume that

=}
E]
—_
—
~—
~—
-

Theorem 3.11

Let (F,0,G) be a complete CMMLS, equipped by a graph G.
suppose that «:F > F be a G, contraction which is orbitally
G - continuous. Consider the property (P) as follows for all
{t.},oy In F.If t, >t and (1,.t,,,) € E(G) holds. Suppose that
foreach ser.

lim z(e' (a),a" (a) for all iz Llimu(a" (a).a" (a)) (13)

Exist and are finite. And if
lima" (a)—> g eF then

o(a(p).p)>limsupu(a(p).a’ (a))o(a(p). a' (a))o(a(p).a(p)) (14)

Thus, the restriction of a[a], to [a],, possesses a fixed point.
Moreover, if for every two fixed point ¢,,q, it has «(¢.4)>1
then it has uniqueness of the fixed point.

Proof:

Let a e F* by lemma (4.1) there is 4(a)>1 so that

ola’(a),a™ (a)<(q(s))" then {e’(a)}  convergesto some geF. Itis
enough to prove that «"(¢),_, is Cauchy.

oa"(a),a (a)éy(a”(a),a””(a)p(a (a),a”*'(a)), (a '(a),a (a))z}(a '(a).a (a))
< u(a’(a) a’”(a)_//(a”(a),a"”(a)),y a"(a),a *"’(a))
u(a" (a),a"? (a))ol@" (a),a" (a).u(a"" (a),a"" (a)) u(a" (a),a"" (a))
p(a”’z(a) a"" (a))
Sy(a”(a) o™ (a))p(a (a),a™ (a)) T2 (0T, - ;t( (a),a"" (a))y(a'(a) o '(a))
ol o). () T2 (o ) @) o ) ()
<u(a’(a).a" (a))(g(@)" T2 (T, 1@ (a).a"" (@) u(a (). (a))
(¢G)) T2 (e (@)™ (@) @) (o™ (@)).a™ (a)
< ua (a).a (@) (g () T (0T e’ ()@ (@) (& (1), @ () ()"
T (o () @l (@) @) a0 T T e () )
s et |
"""" (]_[, 0 y(a/ (a)) ;z(a‘ (a),a”' (a))(q(s))¢
=12 M, g s)
M,:
(I u(@’ (1)@ (a)) (@ (@), ()))
= M (g ()
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The property of 4 and using the known result (13) we
deduce that 1y, M/ (4(s))"" is convergent to 1 as m,n — oo

limg(a’ (a).p)=2(p.p)=limo(a’ (a).a" (a)) =1 (15)

n—x

We have ¢(p,p)=1.

Since aer= that «'(a)eF” for every ge€Q. Suppose that
(e,a(a))< E(G) by ( p) we deuce that there is (& (a). p) € £(G) for
all ¢ € 0.Consider the pathin G asfollows S.a(8)............. a'(s), p)
and so 7<ld]; the orbital G -continuity of & yields.

lim o(a" (a),(@) p)) = 2((@) p.(@) P)) 1o

n—on

Suppose that #((a)p.(a)p)>1 according to the known
result

o(a(p).p)su(a(p).a”)o(a(p).a" (a)).u(a"(a).p)o(a" (a),p)

Letting n — o applying the known equations (14),(15),(16),
we get

o(a(p).p)<limsupu(a(p).a” (a))e(a(p).a(p))

It contradicts (14).

Hence o(«(p).»)=1 50 a(p)=p thatis p is afixed point of afa],
for its uniqueness there are two fixed points ¢, and ¢, that
is a(q,)=q and a(q,)=g,

2(a9,)< u(a.9) o(a-9,) -14(4-9,) 2(4,-9,)
u(q,q,)

)y(ql,ql)

<
1-u(4,,4,
Since x>1 we have »(q,,q,)<1 andso ¢, =g¢,.
Hence the theorem is proved by its uniqueness and
existence for common fixed point.

Conclusion

In this study, we have successfully established fixed point
theorems in controlled multiplicative metric-like spaces,
incorporating a graph structure. By utilizing the Banach
Contraction Principle and G, contraction, we have extended
existing results in fixed point theory to a broader framework.
Furthermore, the provided examples validate our theoretical
findings.
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