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Abstract

This paper establishes common fixed point theorems for two self-mappings in b-multiplicative metric spaces under a weakened condition
of I -contraction. By utilizing a non-decreasing property instead of stronger traditional assumptions, the study extends existing results
within the framework of F -contraction. It derives new fixed point theorems and analyzes Jungck’s fixed point theorem in this context.
The results demonstrate the existence and uniqueness of common fixed points for two self-mappings in complete b-multiplicative
metric spaces. An illustrative example is provided to support and clarify the theoretical findings.
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Introduction

Fixed point theory is a vital area of modern mathematical
analysis, with diverse applications in various mathematical
fields, including topology, geometry, control theories,
economic modeling and optimization. This theory focuses
on self-mappings, where a mapping T has a fixed point,
denoted by x =Tx.

Contractive conditions play a crucial role in solving
fixed-point problems. The Banach contraction principle,
established by Banach in 1922, is an important fixed point
result. Due to its significance, numerous authors have
extended and generalized this principle. Bashirov et al.
introduced multiplicative metric spaces and established
fixed point theorems. Subsequently, Ali et al. introduced
the concept of b-multiplicative metric spaces in 2017 and
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achieved new fixed point results. Wardowski et al. established
F -contractions, an extension of Banach’s contraction
results. Recently, Rasham et al. introduced novel fixed
point theorems on b-multiplicative metric spaces with
applications to nonlinear integral and functional equations.
After that, many researchers developed fixed point theory
in b-multiplicative metric spaces and multiplicative metric
spaces see references. Building these concepts, this study
aims to investigate the existence and uniqueness of
common fixed points for two self-mappings in complete
b-multiplicative metric spaces. We provide illustrative
examples to demonstrate the applicability of our findings
and discuss various cases in the proof. Notably, the results
should be determined solely based on the non-decreasing
property, and a relevant example is provided to illustrate
our findings.

Preliminaries

Definition 2.1

Let s>1 be given real integer and let C be a non-empty
set. A function D:CxC — R" is a b-MMS if the conditions
are true for all $,,20,,20; €C :

a;)D(by,h,) =1 iff by =b,
ay)D(b1.hy) =D(ba.hy)

23)0(0.05) <0 ((0.52) D (02.05))’

Here, the pair ( C,D )is referred to as a b-MMS and a
constant s>1.
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4207 Some fixed point theorems for F contraction on b-multiplicative metric spaces

Definition 2.2

Let F:R" — R" be a mapping as follows,

a))F is increasing function ie VX,2eR"that is
X<DF(X)<F().

a){X,}, is the sequence that is positive
(X>0), lim %, =0

iff hm}—(% )=o0;

1—00

; ) the consent ke(0,1) and limx*F(x)=0.
1—>00

The mapping N :C—C is called an F - contraction if
there exists r>1 then VX, 9e(C, the inequality

D(NxX,AMY)>1 implies
7+ F(SD(NX + M) < F(D(X,9)).
Then N denoted asan F -contraction.

Definition 2.3

Let {X,}eX.and (X,D) be a MMS. If it holds true for

all £>1, then the sequence is called a multiplicative
Cauchy sequence. And then the positive number
neN so @(xn,xm)<£ for n,m> N .

Definition 2.4

Let reX, and a sequence (r,) in X, then (X,9) is
said to be MMS. If a natural number N exists for each
multiplicative open ball B(x,), then n>N=x, e
B(x), and the sequence {x,} is called multiplicative
convergent to x. It is denoted by x, - x as (n — ).

Results and discussion

Definition 3.1

Let the function F:R* — R* be a mapping satisfying
the following conditions.

a))F is increasing function i.e VX,9eR"such that
X<DF(X)<F().

a)){X;}, is the sequence that is pastive
(3€>1) hm 36,1_1 iff limF(X,)= ;

1—00

a, )there exists k €(0,1) such that limx*7(x)=1.
1—>00

The mapping N:C—>C is said to be an F -
contraction if there exists 7 >1 such

that for all X,9)eC, the inequality D(NX,AY)>1
implies

£ FO(NXAM)S < F(D(2,9))

Then N iscalledan F - contraction.

Theorem 3.1

Let T' be a self-map on a complete b—MMS(C,D), if
I is continuous. If and only if the constant « €[0,1)

and the map ¥:C — C is commutes with T' and fulfills
the below conditions

w(C)=T(C) and D(¥(a), ¥ (b)) <D (a).I'(b)*

Forall a,beC.

Truly, the fixed point that unites T and ¥ is
unique, if (1) holds.

Proof. Let W(2)=2 forsome 2eC.

Assume I':C —C by I'(a)=2 every aeC.

Then I'(¥(a))=2 and

¥(I(a))=¥(A)=2A(aeC), so

[(¥(a))=¥(I(a)) every acC,and T commutes

with ¥, then I'(a)=A=W¥(2) forall aeC

so that T'(C) < ¥(C). For any a €[0,1) we get all
a,belC:

D(T(a).T(b))=D(AA)=1<D(¥(a),¥ (b))

If the condition (2) is true then (1) holds.

Conversely, consider a mapping T of C into itself
and it commutes with ¥ if (1) holds.

To conclude that ¥ and T have a unique fixed
point.

Let ay e C andlet a; be ¥(q)=

‘I‘(a,,):r(a,,
The connection between (1) and (2) implies that
@(‘I’(Gpﬂ)a‘l’(%)) < @(‘P(ap),‘I’(ap_l))a forallp.

Take geC by (3) then ‘P(ap)—>g. Actually (2)

I(ay).Take a, as

_1). We take this because I'(C)c¥(C).

implies that (4) so we get F(ap) —>g.

We know that ¥ is continuous, so (1) gives the
result that ¥ and I' are continuous. We prove that (2)

and (3) have demand that F( ( ))—>F(g) and

¥(¥(g))="(T(g))=T(I'(g) by commutativity. To

provethis
2(r(e).r(r(2)<2 I(g))* =2 (e).(r(g))
Hence, @( (9).0(T (g )))(1 a)<1 So a€[0,1),

T(g)=T(r(g))=¥(r(2);
i.e, I'(g) is the fixed pointof ¥ and I'.

assume that ¥ and T' have unique common fixed
point.
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Assume that a=¥(a)=
And (1) shows

D(a,b) =D(I(a),I'(b)) <D(¥(a),¥(b)* =D(a,b)*,
or ®(a,b)(1-a)<1.Since a<la=b.

I'(a) and b=T(b)=I(b).

Lemma 3.1

Assume I' and ¥ be mapping oneself on a b-MMS
(€, ) and the constant S>1.Then «,3,7.5,0<[0,1)

with ¢+ +8y+65+ o<1 then
D(I(a;),¥(az)) < D(ap,T(ar))” -D(an, ¥ ()’

g(al’w(az))y ‘K’D(az,r(al))(S '9(%“2)2’

forall a;,a, €C.

Then
a+oy+Q
@(F(a),‘l’(l"(a))) <®(a,(a))"7F
L+05+Q

(¥(6).1(¥(b))) <D(b,'¥ (b)) 1-00-a
forall aeC and bel(C)
Proof.
Consider a e C . then
D(T(a),%((a))) < D@ (a))* - DT (a),¥(T(a))”
Adding D(a,I'(a))"%” to both sides of (1) and
applying condition (iii) of Definition (3.1) yields
D(T(a),¥(I(a)))-D(@,T(a) ™
<D(a,I(a)® D (a), (I (a))) - D(a,¥(I(a))
D(a,T(a)) -D(a,T(a))?
<D(a,T(a))* DI (a), (T (a)))” -
DI (a),¥(T(a))™ - D(a,I (a)).

Thus
Let beI'(C). Take that

D((6).0(¥(0)) = 2(I (¥ (). ¥ (v))
By adding D(¥(b).T'(%¥(b) ))*55

D(¥(6).1(¥(6))- 2P (o). 0 (¥ (0))*
(

<©(\11( ).I(¥ b)))"‘-@(b"l’([’))ﬁ'

on both sides of (2),

D(b,'¥ (b))% - D(b,¥ (b))*

Thus
P+66+0

D(¥(6).1(¥(b))) < D(6,¥(b)) =05 .

Theorem 3.2

Let I¥:C—C be two mappings on a complete
b—MMS(C,D) with s>1.Assume that 7:R" > R"is

a increasing function then 7>10<a,B<1 and
0<y,8,0 <1 fulfills the conditions:
(M) a+pB+2sy+o<1 and a+B+2s6+o<1,

2) s2

xy 1-6
(3) for a,beC, the inequality @(F(a),‘lf(g))>0 implies

o F(9(I(a),¥(0))) < F(D(a, 1 (6))“ Db, ¥(6))” '

D(a,¥(0)) - D0.T(a)’ D(a,b))”

Then T and ¥ have a common unique fixed
point.
Proof. Let « be an element of C.Take ay=q, for

every neN we take

ag, =¥(az,)-
We prove the four cases:

251 :r(aZn—2) and

Case |.

Consider ay,=a, this is equation is written as
ao = F(ao), and ao :\P(ao) .
ap#¥(ag)=¥(I(ag))=¥(ay),  then

D(I'(dg)-¥(a))>1

that

Truly, if

. From condition (3), as it follows

F(D(T(a0).¥(a)))) <z F(D((ag). ¥(a))
S]E'D(“Oar(ﬂo))a'D(‘lla‘l’(al))ﬂ

@(al,l“(ao)g “D(ag,ay)”
- 7-'(9(“1"1’(“1 ))ﬂ 'g(ao’\lj(a')))y

Given F is non-decreasing, so we get

(M) ¥(a)) ) <1

This brings 1- -6y <1, contradiction. Here, T
and ¥ got a, as a unique point of the mappings.

Case Il. Suppose a; =a,, that is a; =¥(a;), then
a =T(ay).

If a;#T(ay)= F(‘I’(al)) =
@(‘I’(ul),l"(az )) >1. From condition (3) additionally,

I'(a,),then

since F is non- decreasing, for this is the case we have

4208
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D(I(ay),¥(ay)) < @(az,l"(az)a D(a,¥(a)) - D(an, ¥(ay))

S 4
(). (ay)) ~©(u2,a1))
By known lemma 3.1, we obtain
l—a—00
D(I'(a,),%(a)) ) <1
D(T(ay),%(ay))=1, a
contradiction. Consequently, q, is a fixed point of T

Which suggests

and ¥ .

Case lll. In the same way, if a; =a,,, for some »,
additionally, we see that a; is a common fixed point
between I and ¥ .

Case IV.if ay = a; and a, # a, , next, we obtain from
condition (1), we obtain

a+pf+0+00+ o<1

Taking the results of lemma 3.1 shows, we

conclude that

D(ap,a,)< ’D(ao,f(ao))k

D(az,05) <D (ap,a,) <D(ag.f(ag))
a+é‘y+y’i:ﬂ+§5+g
1-oy-p 1-00 -«
When this procedure is repeated, it is easy to observe
that

ki

Where k= and 0<k,i<l1.

@ ﬂo,f(ao)kth .

if i is even
D(a;,a;4) <

i
D(ao,f(ao))kTHT i i is odd
We'll now confirm that (a;)_, is Cauchy
sequence.
Let “=i+h if i isoddand & >2, as follows
D(a50,) <D(a0111) D(041.0,.))

S s 52
<D(a;,0:41)" D(a51,0:42)° -D(az10,0, °

N s s’
<D(a;0:51)"  D(05150:42)" D(a142,0543)

3

S
Q(ai+3’au)

S s? s°
<D(a50:50)"  D(a51,0:12)" D(a42,0:43)" -

S
9(‘1143 > ai+4)

u—i-1
'g(au72 501 )S

When n is even in this instance, we get
D(a;,a,)

i1
: Q(auflﬂau )S

i
i i+2. 5
2 ——h?

2 H(146k+8 kh+ I h+ 8 R 4
SY h2 u—i-1 u—i-3 u—i-1 u—i-1

LS 2 2 sty 2 2

=D(ag,q;)

u—i=1 wu—i-1

s 1+ 8%+ %% h? +- 5" 2 p 2

u—i—-1 u—i-3

Sk+8 K n+ 8K 5" e 2 2

uzizl

v il wind Sk| 16"k 2

R P 1-5""*k 2 | 2 . -
=9(ap,a 1-6 usi-l
(ap.a1) kp W5

+1-06kh

h-1 h

1

st Sk|1-8"Tk 2 g 2

;]
Skghz{ sy
01)

::O(Clo, +

l—szpq

L+ Sk—(148k)S"k 2 h 2
SkZhZ %
=®(ao,a1) 1-S*pg

Wheniis odd, we get

i+l il 5 i+2h*

i)(ai,au)s,@(ao,a])sk 2 hT-’D(aO,aI)S k2

a a3
D(ag,a;)” k D(ag.ay)” k2
u-2
u-2," 5 E
S 2 UL
Sl 2 —h
...... @(ao,al k2
L5kt 8k Sk 45 IR 4
S h2 u—i-3 u—i-1 u—i-1 u—i-1
=D(ap,a;) +8 % 2 p 2 45" 2 p 2
u—i-1 u—i-1
i S kR SR 8Tk 2 R 2 |
S2 2
=©(a0,a1) u—i-3 u=i-1
Sk+8 kP +8Kh...5" " 2 h 2
u—i-1 u—i-1
i u—i+l u—i+l 31{1_3““/( 2 p 2
- = l_Su—in 2 k 2
SK2p2 .
=D(ag.ay) 1-s%kp 1-s%kn
-1 h-1
il 1= -1, 2 o
i 2| E A Ok|1=6""k % q
Sk2h Lx2n2 -k
:@(ao,al) § + 3
1-s"pg
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sk2n? g
) 1-5"pg

M e ok—(1+6k)5"k 2 h 2
= @(ao,al

When 7 is even 7>2, using similar logic, we
conclude that,
D(a;,a,)

1 1
SD(ao,al)Skzhz -’D(ao,al)s k2

u=2 n2 u u-2

w-i-ly 2 a2
Sk k2h

S2h? u-i-2 u-i-2 u=i u=i-2
+6" 2%k 2 p 2 45" 2k 2p 2

L (14 Sk+ 82 kh+ 8 K+ KPR+
< @(ao ,0q )

u—i-2 u—i-2
i [1+52kh+s“k2h2+---+s"fzk 2 p 2
Sk2h2
S@(ao,al)

u—i  u—i-2

+Sk+S N+ SRSk 2 h 2
i i
1-8"p2p2
1-S%kh
h h
1-s" p2n2
1-s%kh

<D(ag.ay )Sk5h5(1+5k)

i

)5k5h5(1+sk)

S@(ao,al
When i and » are even,
D(a;,a,)

i+l il i+l i+l
sk2h?
< @(ao,al)

—i
1-8"p2h
1-8%ki

‘ =
=
S

i+l il

Sk2h2(1+Sk
S@(ao,al) ( )

h
o 1-s" p2il
)Sk 212 (1+8k)

<D(ag,q
When i isodd and « iseven
Letting i,u -, we get that ©(a;,a,)—>1, since

1-S2ki

0<k,h<1. Therefore we conclude that (e

) is a
sequence and it is Cauchy. Then there exists veC such
that

lIim®(a; v)=1

i (a,,v)

Moreover, from condition (3) of definition 3.1, we
get this

D(r(v).) <[ D(F(v).a3:)- D(agsor) ]

Then
1 a
DI(v),)? < limsupD(T(v), 0y ) < DT (v),1)1=5.
Hence
F(v) = ‘I’(V) =v

For the uniqueness,
T f(@(v, v')) =7 f(@(l"(v),‘?(v')))

< ]:(’D(v,l"(v))a -(@(V"\P(V’))ﬂ
-@(V,\P(v')y D) - D(nr)

= f(@(v,‘P(v'))y -@(v',l"(v))g -D(v,v'))
Since F is non-decreasing,

D(v,v) < @(V,F(V'))}/ ~©(v',l"(v))5 -D(v,v/))y ,
Which implies

@(v,v')(lf‘”fyf&) <1.

Then

l—o—y—58<1

Which is a contradiction. Hence, v=1'.

Example 3.1

let C=[0,8],and I, ¥:C—C be two mappings stated
by

Fa)= {7, if ae(0,8]

8, ifa=0
and

7, ifae(0,8]
Y(a)=

6, ifa=0

We state that a b-multiplicative metric
D:CxC—[0,0) by

D(a,b) =Y forall a,beC.

Obviously, (C,D) is a complete b - multiplicative
metric space with constant s=2. We see that
(T (a),¥(b))>1,

when

(a.,b)eT ={(a,b):ae(0,8],6=0} U{(a,b):a=0be

(0,8]tw{(a.b):a=0,6=0}.

Define U:CxC —[0,«0) by

- F(9(T(a),'¥(b)))

D(a,T(a))* -D(, ¥ (b))’ -
<F
D(a,¥ (b)) -D(,I'(a))’ - D(a,b)

4210
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Substitute all the values in the above formula
1 1 1
U(a,b)=D(a,T(a)*-D(b,¥(a))* D(a,b)!0,a,beC.

We take three cases to verify the formula

(i) If a€(0,8] and b=0, then we get

<
Z/I(u,O)
- 1
U(a,0)+1
(i) If be(0,8] and a=0, we get
1 1 1 1 1

<—
U(0,b)
- 1
U0,b)+1
(iii) If =0 and a=0, we get
1 1 1 1

25
1
<—
U(0,0)
- 1
U(0,0)+1
Taking all the values
1 1 1
6 D(T(a),¥(b))+1  U(ab)+1

forall ( a,b ).

Consequently, if we take into F(n)= —ﬁ , Where
+
h>0,be (0,oo) ,and 7= é, every conditions of theorem

(3.2) are fulfilled with « :i,ﬂ:%,y = o,gzo,g:é_ In

the meantime, we observe that T'(r)=Y¥(r)=r iff r=7.

Hence I' and ¥ have single fixed point.

Theorem 3.3

Let T and ¥ be two self-mapping on a complete
b—-MMS(C,D) with constant 5>1. Let

a,e(0,1),7.6,0[0,1) be the positive numbers with
a+pf+oy+00+0<1,
Sa+8’5+(87+5%)(r+o)<1,

and % + 6%y +(6°+8%)(5+0) <.
Define o :[0,1]<{0.1]]0.1]x[0,1]<{0.1]x(0.1] by

1-6%a-5"p-(5°-6")(r-0)
1-8%-6%5-5%

a(a,ﬂ,y,é,g)—min{

1-8%p-5% - (5 -54)(5~y);
1-5%y-8%6-8%0

Suppose that each of the conditions

Q(a,r(u)"(“ﬁ’mg)s D(a,b)*" or

D6, ¥(6))7 /799 < D(a,6),
Implies
D(I(a),'¥(b)) < D(a,T(a))* - Db, ¥ (b)) -

D(a,% (b)) -D(O,T(a))’ - D(a,b)?,
for a,beC.Then I' and ¥ get a fixed point v.
Proof. Let o(a, 8.,7.6,2) €(0,1), since
1—52(1—525—(53-54)(y-y)<1—537—525—53g
and

1=8°p 5"y =86 )(5.0)<1-8%y -85 -0,
Let ueC. Put uyy=u. For each ieN, we take

u2i+1=r(u2n) and Uy = T(azi_l). |f Uy =uy, then

ug =W (up) . Truly, if u = ‘I—’(F(ug)) =Y¥(u), then

@(uo,r(uo))g(a"g’y’(s’g) < @(uo,r(uo ))52
Hence, we get
D (1) = D(T (ug) ¥ (1)) < D (ugotay )* - D (a5 )
Q(uoaul)sy D () D (g1
It yields
D (uy,uy ) <,
Which shows that ©(u,¥(x;)=1, a contradiction.

Here I and ¥ get y, as a fixed point.

Similarly, from the known theorem of (3.2) we get
the result that u; =u;,, for some i, then I and ¥ get

u; is the common fixed point.
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If uy=u and u; #u, we see that
o2
D (g, T (119)) P77 < (g, ¥ (1))
Since o(a,4,7,5,0)<1<5” . Then, we get
@(ul,l/lz) = @(F(UO),T(MI ))
< @(uo,ul)a '@(ul,LQ)'B '@(uo,uz)}/ '9(”0,141 ),_0'

From lemma 3.1,

a+5y+_a€(

D(uyp,uy) < D(uo,ul)k where k = o5

0.1)

Similarly, we

@(ul,uz )U(a’ﬁ’y’g’y) S@(ul,uz )52 .

From lemma 3.1,

@(Hz,“}) < @(Hl,uz)h < @(uo,ul)kh N

where h =290 (g1
1-06 -«
By repeating the above process, we get the same
results as we get in theorem (3.2) that is {u;} is

sequence and is cauchy then limu; =v forsome veC.
1—00

To verify that v is a CFP of the mappings I' and

v¥.
Take @#V be number from C. Then ‘€N such
that
D(u,,v)< 241_5©(a,v) foreveryi e N.
We get
S
@(a,b)Sl:@(a,uZi_l)-Q(MZi_l,U)]
s for large enough n ,
< @(u,u2i1)-©(a,n)2”]

thus
2

D(a,0)2+0 <D(a,uy_;)°
What is more,
o(a.B.y.0e)
D (11, ¥ (uz:1)) <D(u, 1, ¥ (u,1))

< [@(uzl»_l ,v) . @(v, Uy; ))JS
25
<D(a,v)2+S

2

< @(a, Upi )

Hence, we deduce that

D((), ¥ (13:1)) D@ () - D (g, ¥ (1311))” -

o

D(a,% (ur1)) D (211, T(a)) D (a1 -
Then

@(F(a),b)

<[(I(a)oty;)- D(z;.0) | - D@, T ()™

D3y 1 ¥(a3i1))™ [ D(av) D (v, )] .
[9(uy0)D(r(0) )] -@(T(a),v)-@(v,uzl-)}

o@(u%,v)s

D(a,I(a))5* .z)(uZi_l,lP(uZ,._l))Sﬁ .
<lim_sup
i—o0 SZ
- [D(a,v) D(auy)] -

[9(u0)- D(T(@))] [D(a)-D(vuys) ]

@(uzl»,v)s

2

D@ I(a)% D@ DT (a))® -
It follows that
@(F(v),v) < @(F(v),v)‘sa -CD(F(V),V)‘;ZJ N

_ _ 2
1-0a-5%) <1. Notice that

Which implies D(F(v),v)(
1-60-5%6>(6" - 8)a-8°B-(67-6*)(r-0)>1
Hence, we deduce ®(T'(v),v)=1. By adding

D(F(a),v)‘SWW) on both sides

Q(F(C‘)an) D (F(a),g)*53(7+p)
<D(@.1(a)™ - Dan)” ). D (a),0) ) D (a).0)°?

<D (a)* D@ (a)’ ). D (a).0)°"

Thus

5a'S3y~S3p
D(I'(a),0) <D(a,[(a))* 75052
and

D(a,I(a))<[D(a,0)-D(T(a),0)]°
s S2a-S*y-8*0
<D(a,0)-D(a,[(a)) 757595
Therefore, we get
1-8%a-8’6-(8°-5")(7-0)
1- 52553 —(r-2) ’

Similarly, we can also deduce @(T(v)v) =1 and

D(a,1(a)) < D(a,0)%

-8 p-6% ~(6%5%)(6.0)
l—sz;/—s3 (5._0) ’

D(a,T'(a))<D(a,0)°
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Hence I and ¥ have v is a common fixed point. We
have

D, T (v))7*#702) < p(a,1)S,

@(a,ql(a)“(“’ﬂ” ) < D(a,n

To prove that I' and ¥ have a common fixed point
Consider there exists v, veC so that

F(v) = ‘}’(v) =V and F(v’) =y :‘{’(v’) '
@(v,r(v)"(“’ﬂ’V 00 < v,y
Then we have
@(v,v') = @(F(v),‘{’(v'))

<DW,Y(v)* 'Q(V'a‘{'("'))ﬂ :

@(V,T(\/))y ~©(v',l"(v))§ ~©(v,v')*”
Which yields
i)(v,v’)(lfyﬂsf!) <1
Since
l-y-0-po>ap>1
We get ©(v,»')=1.Hence the proof.

Theorem 3.4
Let I' be a continuous self- mapping on a complete
b-MMS(C,®). Then T has a fixed point if
ﬂe(O,l),a,}/,é',pe[O,l) with a+fB+y+265+0<1 and
aself-map £ on C satisfy the below conditions:
1. ¥(C)cTr(C),
2. T and ¥ commute under composition (i.e.,
¥(I'(a))=T(¥(a)) forall acC),
¥(a),¥(b)<DT(a),¥(a)”
D(I'(b),%(0))” - DT (a), (b))

DI (b),¥(a)? - DT (a),¥(b))?

forall a,becC.

If the above are conditions satisfy then I' and ¥
have a unique common fixed point.

Proof. If T has a fixed point veC, then we take
¥:C—C by I'(a)=v forallaecC.

3. ®

It shows that ¥(C)cI(C). Then for any
aeC,¥(T(a))=v and I'(¥(a)=I(v)= v, whichimplies
that W(I'(a))=I'(¥(a)) forall aec.

Forany a.f,7,6,0<€[0,1) and a,veC,

D(¥(a).%(b))=D(v.v)=1
<D (a),v)® -DT(b),v)” - DT (a),v).
DT (b),v)° - DT (a),T(b))?.
However, we assume that T' has a fixed point, if T

and ¥ have a unique fixed point by satisfy the
conditions of (1) through (3) are true. Let 4, € C in order

to view this. Condition (1) shows that a; e C in such a
way that I'(a;)=¥(a,). Continuing in this procedure
again and again, we could get {a;}eC then
I(a;)="(a;

D(T(a;4).(a;))=2(E(a;). E(a; 1))

<D((a,),T(a,))” -D(T(a,).0(a,)).

[2( (800 ) (0 (3,)7(5,.))]
-D(T(a,).T(a,1))-

Then

S+66+0

D(T(a;41).T(a;)) <D(T(a;).T () 1-er—s5 .

L+sO+o
l—-a—so

Because <1, we find that {r(af)} is a

Cauchy sequence. By the completeness of the space,
we conclude that limI'(a;)=v for some veC. From

I(a;)=T(a),

condition (2), we fine

F(v)—llmf( (a ))zllim‘P(l"(ai))zl"(v),

Consequently  lim%¥(a;)=v. By

n—oo

Which ylel;im o
D(0(v)) =T(¥(4) = #(1(v)) =¥ (¥())
By condition (3),
D(¥(v),¥(E(v))

W) D(TC¥ (v), P (¥ (1) - DT (v), ¥ (¥ ()
D ((v)).¥(v) -2 (v).1(¥(v))°
=D((v).0(T ()" - (). (T (v))? DT (v).T (T (v))?

<©a()w
)

Which implies @(F(v),F(F(v)))(l"y‘ﬁ_") <1. Since
l-y—-8—p0>1, for uniqueness, if there exists v,peTl
such that F(v)=v="() and F(p):pz‘{’(p), then by

condition (3), it follows that F(Z) is a common fixed
pointof T and ¥ .
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(1) =D((v). ¥(r))

<D(v), ¥ (v)* DT (p),¥(p))” DT (v),¥(p))
DT (p),¥(v))? - DT (v),T(p))?

=D(,p) D) - D,p).

Clearly, we have @(v,p)(l’y’g’p)sl. Further
l-y-6-0>1, we get D(v,p)=1, which suggests

v=p.

Conclusion

In this research article, we explored fixed point
theorems for two self-mappings and generalized
Jungck's fixed point theorem using F-contractions
with weakened conditions. We provided illustrative
examples to demonstrate our findings, focusing on
non-decreasing functions. This work enables the
solution of differential and integral equations.
However, an open problem remains: investigating the
applicability of the same F-contraction to decreasing
functions in fixed point theory.
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