
Abstract
This paper establishes common fixed point theorems for two self-mappings in b-multiplicative metric spaces under a weakened condition 
of  -contraction. By utilizing a non-decreasing property instead of stronger traditional assumptions, the study extends existing results 
within the framework of  -contraction. It derives new fixed point theorems and analyzes Jungck’s fixed point theorem in this context. 
The results demonstrate the existence and uniqueness of common fixed points for two self-mappings in complete b-multiplicative 
metric spaces. An illustrative example is provided to support and clarify the theoretical findings.
Keywords: Unique Fixed point, Two mappings, b-multiplicative metric space(b-MMS), contraction, Non-decreasing property, Cauchy 
sequence, Continuous function. 
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Introduction
Fixed point theory is a vital area of modern mathematical 
analysis, with diverse applications in various mathematical 
fields, including topology, geometry, control theories, 
economic modeling and optimization. This theory focuses 
on self-mappings, where a mapping T has a fixed point, 
denoted by x = Tx.

Contractive conditions play a crucial role in solving 
fixed-point problems. The Banach contraction principle, 
established by Banach in 1922, is an important fixed point 
result. Due to its significance, numerous authors have 
extended and generalized this principle. Bashirov et al. 
introduced multiplicative metric spaces and established 
fixed point theorems. Subsequently, Ali et al. introduced 
the concept of b-multiplicative metric spaces in 2017 and 

achieved new fixed point results. Wardowski et al. established 
 -contractions, an extension of Banach’s contraction 
results. Recently, Rasham et al. introduced novel fixed 
point theorems on b-multiplicative metric spaces with 
applications to nonlinear integral and functional equations. 
After that, many researchers developed fixed point theory 
in b-multiplicative metric spaces and multiplicative metric 
spaces see references. Building these concepts, this study 
aims to investigate the existence and uniqueness of 
common fixed points for two self-mappings in complete 
b-multiplicative metric spaces. We provide illustrative 
examples to demonstrate the applicability of our findings 
and discuss various cases in the proof. Notably, the results 
should be determined solely based on the non-decreasing 
property, and a relevant example is provided to illustrate 
our findings.

Preliminaries

Definition 2.1
Let 1s ≥  be given real integer and let   be a non-empty 
set. A function : +× →  D is a b-MMS if the conditions 
are true for all 1 2 3, , ∈H W W  :

) ( )
) ( ) ( )

) ( ) ( ) ( )( )

1 1 2 1 2

2 1 2 2 1

8
3 1 3 1 2 2 3

a , 1 iff 

a , ,

a , , ,

= =

=

≤ ⋅

D h h h h

D h h D h h

D h h D h h D h h

Here, the pair ( , D  )is referred to as a b-MMS and a 
constant 1s ≥ .
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Definition 2.2  

:  

1a ,  X Y

   , X Y X Y

 2a nX

i
( 0), lim 0n


 X X

 
i
lim n





X

3a  k 0,1  
i
lim 0k


X X

: 
1  , X Y

 , 1D X Y

    ( , ,   X Y D X Y

Definition 2.3  

 n X  ,X D

1 

n  ,n mx x D ,n m 

Definition 2.4  

x X  nx X  ,X D

 nx nn x  

 x  nx

x nx x  n 

Results and discussion 
Definition 3.1  

:  

1a ,  X Y

   , X Y X Y

 2 ia X

i
( 1), lim 1n


 X X  

i
lim n


X 

3a  k 0,1  
i
lim 1k


X X

: 
1 

, X Y  , 1D X Y

     . ( , ) ,S D X N D X Y

Theorem 3.1 

Γ  b MMS , D

Γ  0,1
Ψ :  Γ

             , ( , )    D a b D a b

, a b

Γ 

 Ψ A A A

:   Γ a A a

      a A

       ,     a A A a

         a a a Γ

Ψ      a A A a

      0,1

a,b

          , , 1 ( , )      D a b D A A D a b

Γ
Ψ
Ψ Γ

0a  1a    1 0Ψ Γa a pa

   1Ψ Γp pa a     Γ Ψ

         p 1 p p p 1Ψ ,Ψ Ψ ,Ψ


 D a a D a a

g  pΨ a g

 pΓ a g

Ψ
Ψ Γ

    pΓ Ψ Γ ga

       Ψ Ψ g Ψ Γ g Γ(Γ g 

               Γ g ,Γ Γ g (Ψ g ,Ψ Γ g ) (Γ g ,Γ Γ g )  D D D

      Γ ,Γ Γ 1 1 D g g  0,1

       Γ g Γ Γ g Ψ Γ g ; 

 Γ g Ψ Γ

Ψ Γ
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    Ψ Γ a a a    Γ Γ b b b

           , Γ ,Γ (Ψ ,Ψ ) ( , ) ,     D a b D a b D a b D a b

  , 1 1 D a b 1,  a b

Lemma 3.1 

Γ Ψ
,D 1  , , , , 0,1    

1       

          

       

1 2 1 1 2 2

1 2 2 1 1 2

1 2

Γ ,Ψ   ,Γ ,Ψ .

,Ψ ,Γ , ,

 for all , .

 

 

 

 



e

D a a D a a D a a

D a a D a a D a a

a a

       

       

Q
1

Q
1

Γ ,Ψ Γ ( ,Γ )

 Ψ ,Γ Ψ ( ,Ψ )

 
 

 
 

 
 

 
 





D a a D a a

b b D b b

a  Γb

Proof. 

a

            Γ ,Ψ ( ,Γ ) (Γ ,Ψ Γ )  D a a D a a D a a

 ( ,Γ ) D a a

       

         

   

Γ ,Ψ Γ ( ,Γ )

 ( ,Γ ) (Γ ,Ψ Γ ) ( ,Ψ Γ )
 

( ,Γ ) ( ,Γ )



  









  

 

D a a D a a

D a a D a a D a a

D a a D a a

      

      

( ,Γ ) (Γ ,Ψ Γ )

(Γ ,Ψ Γ ) ( ,Γ ) .

 



  



D a a D a a

D a a D a a

 Γb

           Ψ ,Γ Ψ Γ Ψ ,ΨD b b D b b

    (Ψ ,Γ Ψ ) D b b

          
      

   

Ψ ,Γ Ψ (Ψ ,Γ Ψ )

 (Ψ ,Γ Ψ ) ( ,Ψ )

( ,Ψ ) ( ,Ψ )



 





  



D b b D b b

D b b D b b

D b b D b b

        1Ψ ,Γ Ψ ( ,Ψ )
 
 
 
 D b b D b b

Theorem 3.2 

Γ,Ψ: 

 b MMS , D 1s  :  

1,0 , 1    
0 , , 1  

2 1s      2 1s     

2 1S
xy

 1
1

s





, a b     Γ ,Ψ 0a g D

         Γ ,Ψ ( ,Γ ) ( ,Ψ )    D a b D a b D b b

     ( ,Ψ ) ( ,Γ ) ,  D a b D b a D a b

Γ Ψ

a 0 1a a

n  2 1 2 2Γn n a a

 2 2 1Ψn na a

Case I. 

0 a a

 0 0Γa a  0 0Ψa a

      0 0 0 1Ψ Ψ Γ Ψ  a a a a

    0Γ ,Ψ 1D a a

         
     

   
      

0 1 0 1

0 0 1 1

1 0 0 1

1 1 0 1

Γ ,Ψ Γ ,Ψ

,Γ ,Ψ

,Γ ,

 ,Ψ ,Ψ

a

 





 

  



 

D a D a a

D a a D a a

D a a D a a

D a a D a a

     1
0 1Γ ,Ψ 1  

a a

1 1    Γ

Ψ 0a

1 2a a  1 1Ψa a

 1 1Γa a

      1 1 1 2Γ Γ Ψ Γ  a a a a

    1 2Ψ ,Γ 1D a a
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            
    

2 1 2 2 1 1 2 1

1 2 2 1

Γ ,Ψ ,Γ ,Ψ ,Ψ

,Γ ,

 



  



D a a D a a D a a D a a

D a a D a a

     1
2 1Γ ,Ψ 1  

D a a

    2 1Γ ,Ψ 1D a a

1a Γ

Ψ

1i ia a n

ia

Γ Ψ

0 1a a 1 2a a

1       

    

      

1 2 0 0

2 3 1 2 0 0

, ,

, , ,

k

kii

f

f



 

D a a D a a

D a a D a a D a a

,
1 1

k i   
   
   

 
   

0 , 1k i 

 
 

  

2 2

1 1
2 2

0 0

1

0 0

, ,  if  is even 

,

,  if  is odd 

i i

i i

k

i i

k

f i

f i
 



 
 
   




D a a

D a a

D a a

 i i Na

u i  i 2

     1 1, , ,i u i i i u  D a a D a a D a a

     
2 2

1 1 2 2, , ,i i i i i u     D a a D a a D a a

     

 

2 3

3

1 1 2 2 3

3

, , ,

,

i i i i i i

i u

    



   D a a D a a D a a

D a a

     

 

2 3

4

1 1 2 2 3

3 4

, , ,

,

i i i i i i

i i

    

 

   D a a D a a D a a

D a a

   
1 1

2 1 1, ,
u i u i

u u u u
   

   D a a D a a

 ,i uD a a

   

   

22

2 2
2 23 4

2
2 2 20 1 0 1

2 4
2 20 1 0 1

, ,

, ,

i

i i

i i i

i i

k k

k k

 



 

  



D a a D a a

D a a D a a

 

3
1 12

1 2 21 
20 1 . ,

u
u u

u i
k

uk


 

  
 D a a

 
2 3 2 4 2 2

2
2 1 3 1 1

2 22 2 2 2

1

0 1   ,
i

k u i u i u i u i
u i u i

k k k k

k k

   

 
       

   

     
 
   

D a a

 
2

1 1
2 4 2 2 1 2 2

20 1

1 3
3 2 5 3 2 . 2 2 2

1

,

.

i

u i u i
u i

n

u i u i
u i

k k k

k k k k

  

   

   
 

   
 

 
     
 
 


   

D a a

 

1
1 21 1

1 2 22
2

1
2

1
1

10 1, 1

u i
u iu i u i

i u i
k

u i

k k
k ks

kp
h

k

 


 

 
    

 

 

 
  

   





  D a a

 

11 122 12 2

1 1
1 2 2

0 1 2

1

,
1

i Si
s kiSk

k S k q

s pq

  
 

 


 
 
 

  





D a a

 
 

1 1
2 2

2 2
2

1 1
10 1,

i i Sk Sk S k
Sk

S pq

  
   
 

 
  

D a a

     

   

1
22

1 3
2 23 4

1 1 2
2 2 20 1 0 1

3 3
2 20 1 0 1

, , ,

, ,

i

i i

i i i

i u

i i

k k

k k



 

  

 
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