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Introduction
Studying integral transformations and their related 
differential operators has long been a key component of 
mathematical analysis. It provides effective techniques for 
solving problems in differential equations, signal processing, 
and various fields of science and engineering (Graf, 2010; 
Pathak, 2017).  The Hankel–Clifford transform is one such 
transformation that has gained attention for its utility in 
boundary value problems and its connections to higher-
dimensional spaces. Over time, this transformation has 
been generalized and extensively studied by researchers, 
including (Prasad et al., 2012), who work on the establishment 
of the pseudo-differential operator as a continuous linear 
map on Zemanian-type spaces with integral representation 
and norm inequality using Hankel–Clifford transformations. 
(Prasad & Kumar, 2014), whose work on fractional powers of 
Hankel–Clifford transformations and pseudo-differential 
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operators significantly contributed to this area. 
Further developments by (Gorty, 2014) on the 

computational aspects of discrete generalized Hankel-
Clifford transform, followed by his study on continuous 
fractional forms, laid the groundwork (Gorty, 2015). (Prasad 
& Kumar, 2016) have investigated compositions of pseudo-
differential operators associated with fractional Hankel–
Clifford transformations, expanding their application 
in functional analysis. Additionally, the theoretical and 
practical aspects of fractional Hankel–Clifford transforms 
within Sobolev-type spaces have been explored by (Kumar 
& Pradhan, 2022), with recent research by (Waphare & Shaikh, 
2023) examining fractionalization techniques for these 
transforms. Our research is motivated by all of these results. 

Our study aims to introduce and characterize a pair of 
fractional power generalized Hankel-Clifford transforms. We 
will explain their mathematical properties and behavior in 
Zemanian-type spaces defined in this paper.

Let us begin with the traditional definition of a pair of 
Hankel-Clifford transforms of order  was initially introduced 
by (Betancor, J.J., 1989) and (Pérez & Robayna 1991) and is 
defined as

	
( )( ) ( ) ( ) ( )

( )( ) ( ) ( ) ( )

1, 0

2, 0

, # 1.1

,# 1.2

h y y C xy x dx

h y x C xy x dx

∞µ
µ µ

∞ µ
µ µ

ϕ ϕ

ϕ ϕ

=

=

∫
∫

where ( ) ( )/2üC xy xy J xyµ
µ µ

−=  is the first kind 

of Bessel-Clifford function of order µ .
Later, (Malgonde, S.P. & Bandewar, S.R., 2000) introduced 

generalized Hankel-Clifford transformations of order 
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( ) üα βℵ , which has two real parameters α  and β , 
and it is further investigated by (Pansare & Waphare, 2016) 
and is defined by
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	 where ( ),ü
α β

 is the first kind of generalized 

Bessel-Clif ford function of order α β−  defined by 

( ) ( )2
, ( ) 2 .C xy xy J xy

α β

α β α β

− +

−
=

Here, we use these generalized Hankel-Clif ford 
transformations to introduce the fractional power of 
generalized Hankel-Clifford transformations of order a b−
, which depends on ,α β

( )( ) ( ) ( ) ( ) ( )1, , , , 1, , , , 10
ˆ , , # 1.5a b a bh y y K x y x dx

∞θ θ θ
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where,
	

( )

( )
( )

( )
( )

( )

2 2 ü
2

, , , , ,

1 , , ,

xycsc ,

, , # 1.6
2

.

i x y

a b a b

a b

y C e n

K x y y C xy

x y n

θ
α β

θ α β

θ α β
α β

γ θ θ π

πθ

δ θ π

 + −  

−


 ≠

= =


− =



And .

( ) ( ) ( )
( )( )

/2
, , , , ,( ) 2 ;  

exp 1 / 2

a b a b a bC xy xy J xy

i a b

α β
α β θ

γ

π θ

− +
−

=

 = − + − 

 

Similarly,
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where,
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Note that ( )( ) ( )( )2, , , , 1, , , , .a b a bh y y h yθ α β θ
α β α β

ψ ϕ−=  

The inverse is defined as,
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where, 1Kθ  and 2Kθ  are conjugates of 
1Kθ  and 

2Kθ  

respectively.

Parsevals’s Identity

( ) ( ) ( )( )( )( )1, , , ,1, , , ,0 0
,a ba bx x x dx y h y h y dx

∞ ∞β α β α θ θ
α βα β
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is Parseval’s identity for (1.5) and for (1.7) we have,
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We can also express mixed Parseval’s identity using 

Fubuni’s theorem as
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Also,
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Preliminary
Let us introduce some differential operators corresponding 
to the fractional power of generalized Hankel-Clifford 
transforms followed by (Torre, 2008) as 
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Also, the Kepinski-type differential operator is defined as
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( ) ( )2 2 3 21 2 cot 2 ixcot cotx xxD ix D xα β θ α β θ θ  = + + − − − + − +  
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The spaces ( )1, , , ,a b Iθ
α β

  and ( )2, , , ,a b Iθ
α β



In this section, we present the Zemanian-type spaces 
motivated by (Zemanian, A. H. 1962), the spaces ( )1, , , ,a b Iθ

α β


, ( )2, , ,  ,a b Iθ
α β

 , and their duals.
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Now, consider a function ( )xψ , which is locally 
integrable and of slow growth as x ∞→  such that 

( )
2ü
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ψ
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 
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As ( )xψ  is of slow growth, let us choose m  large enough 
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Hence, ( ) ( ) ( )
'
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Following a similar way by considering a locally 
integrable function ψ  of slow growth as x ∞→  and 
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Characteristics of fractional powers of generalized 
Hankel-Clifford transformation

Here, we state some properties of fractional powers 
of generalized Hankel-Clifford transformation and its 
differential operators.

1.	 If , , a bα β ∈ ≥  and 0q∈  then

( )
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i a b a b i iy y y

y

a b a b i y

y

i a b a b iy y

y

e y D y e e

y D y e y

e y D y e y

α β α βθ θ θ

α β α β θ

α β α βθ θ

ϕ

ϕ

+ + − − + − − − + +
−

+ − − + − − + +
−

+ − − + − − + +
−

= 

× 


=

Continuing in this manner, we get the desired outcome.
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2.	 If , , a bα β ∈ ≥  and 0,q k ∈  then
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Next, consider
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Continuing in the same way until we get
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Lemma 2.1. If , , a bα β ∈ ≥  and 0q∈  then
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Proof. From (2.1) and (1.5).
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i a b q a b a b iy xq

a b y a be y D y xy C xy e x dx
α β α β α β∞θ θ

θ
γ θ θ ϕ

+ − − + − − + − − +
−  =  

  
∫

( ) ( ) ( )
2 2 ü

ü
ü 0

( 1) ( csc ) csc
a b q a b iq x yq

a b a q by x C xy e x dx
α β α β∞ θ

θ
γ θ θ ϕ

+ − − + − − +
− + +

+
= − ∫

( ) ( ) ( )
2 2 ü /22

, , , , ,0
( 1) csc ( csc )

i x yq q
a b a q by C xy e x x dx

∞ θα β
θ α β

γ θ θ ϕ
+−

+
= − ∫

	
( )2 2

1, , , ,( 1) (xcsc )
qiq

q
a q be h y

π θ
θ
α β

θ ϕ
 − − 
 

+

 
 = −
 
 

Lemma 2.2. If  and  then	

( )( )

( )

/2 * *
1, , , , 1, , , 1, , 1, , , , ,

2 2
1, , , ,

( csc )

 ( 1) (xcsc ) ,

q
a q k b a k b a b

qik
k

a q b

h x R R y

e h y

θ
α β α β θ α β θ

π θ
θ
α β

θ ϕ

θ ϕ

+ + + −

 − 
 

+

…

 
 = −
 
 

where ( )1, , , ,a b Iθ
α β

ϕ ∈  and 

2 21cot cot* 2 2 2 2
1, , , , ,

i a b a b ix x

a b xR e x D x e
α β α βθ θ

α β θ

+ − − + − − + +
−

=  is 
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adjoint of 2, , , , ,a bR
α β θ . 

Proof. First, Consider the following and use integration by 
part,

( )( )

( ) ( ) ( )
2 2

ü
1, , , 1, 1, , , , ,

cot /2 *2
1, , , , 1, 1, , , , ,0

( csc )

 csc ( csc )

q
a q b a b

i x y q
a q b a q b a b

h x R y

y C xy e x R x dx

θ
α β α β θ

θα β
θ α β α β θ

θ ϕ

γ θ θ ϕ

+ +

∞ +−
+ + + +

= ∫

Next, by a similar process, we get

( )* *2
1, , , 2, 1, , , 1, , 1, , , , ,(xcsc )

q

a q b a b a bh R R yθ
α β α β θ α β θ

θ ϕ
+ + +

 
 
 
 

( ) ( )
2

2 2 2
1, , , ,( 1) csc (xcsc ) .

qi

a q be y h y
π θ

θ
α β

θ θ ϕ
 − 
 

+

 
 = −
 
 

Continuing similarly, we obtain

( )* *2
1, , , , 1, , , 1, , 1, , , , ,(xcsc )

q

a q k b a k b a bh R R yθ
α β α β θ α β θ

θ ϕ
+ + + −

 
 
 
 



( )2 2
1, , , ,( 1) (xcsc ) .

qik
k

a q be h y
π θ

θ
α β

θ ϕ
 − 
 

+

 
 = −
 
 

Hence proof is complete.
The following two theorems will be the main findings 

of this section.
Theorem 2.3. The fractional power of the f irst 

generalized Hankel-Clifford type transformation 1, , , ,a bhθ
α β

 

is an isomorphism from ( )1, , , ,a b Iθ
α β

  to itself. Furthermore, 

( ) 1

1, , , ,a bhθ
α β

−
 is a linear and continuous map from 

( )1, , , ,a b Iθ
α β

  to itself.

Proof. Consider ( )1, , , ,a b Iθ
α β

ϕ ∈  then by Lemma 2.1 
we have,

( )

( )

1, , , 1, , 1, , , , , 1, , , ,

2 2
1, , , ,

ˆ

( 1) (xcsc ) .

a k b a b a b

qiq
q

a q b

R R y

e h y

θ
α β θ α β θ α β

π θ
θ
α β

ϕ

θ ϕ

+ −

 − − 
 

+

…

 
 = −
 
 

Using Lemma 2.2, the above equation becomes

( )1, , , 1, , 1, , , , , 1, , , ,
ˆ

a k b a b a bR R yθ
α β θ α β θ α β

ϕ
+ −

…

( )
2

* *2
1, , , , 1, , , 1, , 1, , , , ,

2 2

( 1) (xcsc ) .

( 1) (ycsc )

ik kk

a q k b a q b a bqiq
q

e h R R y

e

π θ

θ
α β α β θ α β θπ θ

θ ϕ

θ

 − − 
 

+ + + − − 
 

 −  = …
 
 −

Hence,

( )/2
1, , , 1, , 1, , , , , 1, , , ,

ˆ( 1) ( csc )k q q
a k b a b a by R R yθ

α β θ α β θ α β
θ ϕ+

+ −
− …

( )( ) ( ) ( )2 2 ü/2 ü 2
, , , , ,0

( csc ) csc
i x yi k q

a k q b a k q be y y C xy e
∞ θπ θ α β

θ α β
γ θ θ

+− + − −
+ + + +

= ∫

( )
2 2cot cot/2 2 2 2 2( csc )

i a q b a b ix xk q
xx e x D x e x dx

α β α βθ θ
θ ϕ

+ + − − − − + +
−

×

( ) /22 2
, , ,0

( csc ) csc ( csc )
a k q b a q b

k
a b a k q by xy C xy x x

α β α β∞α β
θ

γ θ θ θ
− + + + + − + + − −

−
+ +

= ∫
( ) ( )

2 2 ü
2 2

ü x yq
xD x e x dx

α β θ
ϕ

− − + +
+

×

Therefore,
Now from above and for n a k b≥ + −  we have 

( )21
nüx x+ − < + , which gives,

( )
2 cot

2 2
1, , , ,

ˆ( 1)
a b i yk q q k

y a by D y e y
α β θ θ

α β
ϕ

− − + +
+−

( )
21

cot
2 2

21, , , , , , , 0
0

1
1

n a b i xr q
a b k q x

r

n dxE x D x e x
r x

α β∞ θ

α β θ
ϕ

+ − − + +

=

+ 
≤  

+ 
∑ ∫

( )
21

cot
2 2

1, , , , , , ,
0

1
sup

2

n a b i xr q
a b k q xx Ir

n
E x D x e x

r

α β θ

α β θ
π ϕ

+ − − + +

∈=

+ 
≤  

 
∑

( ) ( )
1

1, , , ,
1, , , , , , , , ,

0

1
  .  # 2.4

2

n
a b

a b k q q k
r

n
E

r
α β

α β θ θ
π ρ ϕ

+

=

+ 
≤  

 
∑

Therefore ( )1, , , , 1, , , ,a b a bh Iθ θ
α β α β

ϕ ∈ .

Also from (1.5) and (1.9),
	

( ) ( ) ( )
1 1

1, , , , 1, , , , 1, , , , 1, , , , , # 2.5a b a b a b a bh h h hθ θ θ θ
α β α β α β α β

ϕ ϕ ϕ
− −

= =

which clearly shows that 1, , , ,a bhθ
α β

 is a linear injective 

map from ( )1, , , ,a b Iθ
α β

  onto itself. To show the continuity 

of 1, , , ,a bhθ
α β

,  consider the sequence { } 0n n
x

∈
→


 in 

( )1, , , ,a b Iθ
α β

  as j ∞→ . Using the above sequence in (2.4) 

and applying its convergence, one can easily verify the 

continuity of 1, , , ,a bhθ
α β

. Next, we prove the second part. 
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Following the above procedure, consider

( ) ( )

( ) ( ) ( )

1
/2 * *

1, , , 1, , 1, , , , , 1, , , ,

1
2 2

1, , , , 1, , , 1, , 1, , , , ,

 ( 1) ( csc )

(xcsc ) .  

k q q
a k b a b a b

ki k q

a k q b a q b a b

y R R h y

e h R R y

θ
α β θ α β θ α β

π θ
θ
α β α β θ α β θ

θ

θ

−
+

+ −

 − + − − 
 

+ + + −

− …

 
 = …
 
 

Hence,

( ) ( )

( )

2 1ü
2 2

1, , , ,

1
' 1, , , ,
1, , , , , , , , ,

0

1
,

2

a b i yq k
y ak q b

n
a b

a b k q r q
r

y D y e h y

n
E

r

α β θ θ
α β

α β
α β θ θ

π ρ ϕ

− + − + −

+

+

=

+ 
≤  

 
∑

which shows the continuity of ( ) 1

1, , , ,ak q bhθ
α β

−

+
 and hence 

proved.
Similarly,
Theorem 2.4. The fractional power of the f irst 

generalized Hankel-Clifford type transformation 2, , , ,a bhθ
α β

 

is an isomorphism from ( )2, , , ,a b Iθ
α β

  to itself. Furthermore, 

( ) 1

2, , , ,a bhθ
α β

−
 is a linear and continuous map from 

( )2, , , ,a b Iθ
α β

  to itself.

We shall now provide operational formulas for the 
fractional power of the first generalized Hankel-Clifford type 
transformation 1, , , ,a bhθ

α β
.

Proposition 2.5. For , , a bα β ∈ ≥  and all 

( )1, , , ,a b Iθ
α β

ϕ ∈
,

i.  ( )( ) ( )
1

2 2
1, , , , , 1, , , , 1, , , 1, (xcsc ) ,

i

a b a b a bR h y e h y
π θ

θ θ
α β θ α β α β

ϕ θ ϕ
 − − 
 

+

 
 = −
 
 

ii.   ( )( ) ( )( )
1

* 2 2
1, , , 1, 1, , , , , 1, , , ,( csc ) .

i

a b a b a bh R y e y h y
π θ

θ θ
α β α β θ α β

ϕ θ ϕ
 − 
 

+
= −

Proof. For ( )1, , , ,a b Iθ
α β

ϕ ∈ , Let

( )( )1, , , , , 1, , , ,a b a bR h yθ
α β θ α β

ϕ

( ) ( ) ( )

2 2

2 2

1cot cot
2 2 2 2

, , , , ,0

cot
2xycsc

i a b a b iy y

y a b a b

i x y

e y D y e y C

e x dx

α β α β ∞θ θ α β
θ α β

θ

γ

θ ϕ

+ − − + − − + +
− −

+

= ∫

( )

( )

2

2

1ü
2 2

ü 0

ü
2 2

xycsc

(xcsc )

i a by

a b y a b

a b i x

e y D C

e x dx

α β ∞θ

θ

α β θ

γ θ

θ ϕ

+ − − +
−

− − +
− −

 =  ∫

 

( )( ) ( ) ( )
2 2

1 1
2 2

, , , , 1,0

1 cot
2 2

(xycsc )

xycsc 1 (xcsc )

a b a b

a b a b

a b i x y

y C

e x dx

α β α β∞

θ α β

α β θ

γ θ

θ θ ϕ

+ − − + − − + −

+

− − +
− +

=

− ×

∫

( ) ( ) ( ) ( )
2 2 1ü

2 2
, , , , 1,0

xycsc 1 (xcsc )
i x y

a b a by C e x dx
∞ θα β

θ α β
γ θ θ ϕ

+−
+

= −∫

( )
1

2 2
1, , , 1, (xcsc ) .

i

a be h y
π θ

θ
α β

θ ϕ
 − − 
 

+

 
 = −
 
 

For the second part, consider

( )( )*
1, , , 1, 1, , , , , 1, , , , 1,0a b a b a b a bh R y y C

∞θ α β
α β α β θ θ α β

ϕ γ −
+ + +

= ∫

( ) ( )
2 21cot cot

2 2 2 2
1, , , , 1,0

xycsc
i a b a b iy x

a b a b xy C e x D x e x dx
α β α β∞ θ θα β

θ α β
γ θ ϕ

+ − − + − − + +
−

+ +
= ∫

( )
1 1

2 2 2
1, , , , 1,0

(xycsc ) xycsc
a b a b a b

a b a b xy C x D x
α β α β α β∞α β

θ α β
γ θ θ

− − + − + − − + − − + +
−−

+ +
= ∫

( ) ( )
2 2 ü

2    
i x y

e x dx
θ
ϕ

+
×

( )
1

12 2
1, , 1,0

(ycsc ) (xycsc ) xycsc
a b a b

a b
a b a b xy C D x

α β α β∞α β
θ

γ θ θ θ
+ − − + − − + +

−− + −
+ +

= ∫

( ) ( )
2 2 ü

2   
i x y

e x dx
θ
ϕ

+
×

( )( ) ( )( )
1

2
1, , ,0

(ycsc ) 1 ycsc xycsc ) xycsc
a b

a b
a b a by C

α β∞α β
θ

γ θ θ θ θ
+ − − +

−− −
+

= −∫
( ) ( )

2 2 ü
2 2    

a b i x y
x e x dx

α β θ
ϕ

− − + +
+

×

( ) ( ) ( )
2 21 ü22 2

, , , , 1,0
(ycsc ) xycsc

ii x y

a b a be y C e x dx
π θ ∞ θα β

θ α β
θ γ θ ϕ

 − − +  − 
+

= − ∫

( )( )
1

2 2
1, , , 1,( csc ) .

i

a be y h y
π θ

θ
α β

θ ϕ
 − − 
 

+
= −

Hence, the theorem is proved.
P r o p o s i t i o n  2 . 6 .  F o r  , , a bα β ∈ ≥  a n d  a l l 

( )1, , , 1,a b Iθ
α β

ϕ
+

∈ ,

i.  ( )( ) ( )
1

2 2
1, , , , , 1, , , 1, 1, , , , (xcsc ) ,

i

a b a b a bS h y e h y
π θ

θ θ
α β θ α β α β

ϕ θ ϕ
 − − 
 

+

 
 =
 
 

ii.  ( )( ) ( )( )
1

* 2 2
1, , , , 1, , , , , 1, , , 1,( csc ) .

i

a b a b a bh S y e y h y
π θ

θ θ
α β α β θ α β

ϕ θ ϕ
 − 
 

+
=

Furthermore, For ( )1, , , ,a b Iθ
α β

ϕ ∈ ,

iii. ( )( ) ( ) ( )1, , , , 1, , , , , 1, , , ,csc ,a b a b a bh y y h yθ θ
α β α β θ α β

ϕ θ ϕ∆ = −
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iv.  ( ) ( )( )( )1, , , , , 1, , , , 1, , , , csc .a b a b a bh y h x yθ θ
α β θ α β α β

ϕ θ ϕ∆ = −

Proof. We leave these proofs to the readers as one can 
observe that (i) and (ii) can be derived using the techniques 
used in Proposition 2.5 Further, (iii) can be easily proved 
by combining Proposition 2.5 (ii) and Proposition 2.6 (ii), 
similarly, (iv) is easily derived by combining Proposition 2.5(i) 
and Proposition 2.6 (i). Hence proof is complete.

Here, we define some operational formulas for the 
fractional power of the second generalized Hankel-Clifford 
type transformation, analogous to the first.

Proposition 2.7. For , , a bα β ∈ ≥  and all 

( )2, , , ,a b Iθ
α β

ϕ ∈ ,

i.   ( )( )

( ) ( )( )

2, , , , , 2, , , ,

/2 1/2
2, , , 1, ( csc ) , 

a b a b

i
a b

S h y

e h x y

θ
α β θ α β

π θ θ
α β

ϕ

θ ϕ− −
+

= −

ii.  ( )( )

( )( )

*
2, , , 1, 2, , , , ,

1
2 2

2, , , ,( csc ) ,

a b a b

i

a b

h S y

e y h y

θ
α β α β θ

π θ
θ
α β

ϕ

θ ϕ

+

 − 
 = −

iii. ( )( ) ( ) ( )2, , , , 2, , , , , 2, , , ,csc ,a b a b a bh y y h yθ θ
α β α β θ α β

ϕ θ ϕ∆ = −

iv.  ( ) ( )( )( )2, , , , , 2, , , , 2, , , , csc .a b a b a bh y h x yθ θ
α β θ α β α β

ϕ θ ϕ∆ = −

For ( )2, , , 1,a b Iθ
α β

ϕ
+

∈ ,

v.  ( )( )

( )

2, , , , , 2, , , 1,

1
2 2

2, , , , (xcsc ) ,

a b a b

i

a b

R h y

e h y

θ
α β θ α β

π θ
θ
α β

ϕ

θ ϕ

+

 − − 
 

 
 =
 
 

vi. ( )( )

( )( )

*
2, , , , 2, , , , ,

1
2 2

2, , , 1,( csc ) .

a b a b

i

a b

h R y

e y h y

θ
α β α β θ

π θ
θ
α β

ϕ

θ ϕ
 − 
 

+
=

Note that, similar results can be obtained for inverse 

transformations of 1, , , ,a bhθ
α β

 and 2, , , ,a bhθ
α β

. Using all these 

properties we define the fractional power of the first and 
second generalized Hankel Clifford transform on basic 
functions.

Fractional power of the first generalized Hankel 
Clifford transform on basic functions

1.   ( )( ) ( )1, , , , 1( 1) ,r r r
a b ch x c D K c yθ θ

α β
δ − = −

.

2.  ( )

( )

2

2

ü
2 2

1, , , ,

1cot 1/22 2
, , , , 1,( csc ) csc

a b i x

a b

i a by

a b a b

h x H c x e

y e y c C cy

α β θθ
α β

α βθα β
θ α β

γ θ θ

+ − −
−

+ + − −
−− −

+

 
 −
 
 

=

 3.  ( )
2

2

1 cot
2 2

1, , , ,

2cot 1/22 2
, , ( csc )

a b i x

a b

i a by

a b

h x H c x e

y e y c

α β θθ
α β

α βθα β
θ

γ θ

+ − −
+ −

+ + − −
−− −

 
 −
 
 

=

( ) ( )1/2 1/2
, , 1, , , 2,csc ( csc ) csc .a b a bc C cy y C cy

α β α β
θ θ θ−

+ +
 −
 

4.  ( )

( )( ) ( )
2

2 2 1
2

22 1 2

1, , , ,

csc
cot

2 csc11 2 12
1, , , ,

1 2

csc csc
csc csc

a b

i y ci a b

a b

h cx

y
c e e h

θ
α β

θ
α β θ

θθ θ θα β
α β

ϕ

θ θ
ϕ

θ θ

   −  − −  + − −  − −   
   
   =
   
   

where 2
2 1cot cot .c θ θ=

5.  ( )

( ) ( )( ) ( ) ( )( )( )

ü

1, , , ,

/2 /2
1, , , 1, 1, , , 1,

( csc )
a b

i i
a b a b

x yh
a bx

e h y e h y

θ
α β

π θ π θθ θ
α β α β

ϕ θ

ϕ ϕ− − −
− +

 
=   − 

+

6.  ( ) ( )

( )
( )( ) ( )( )

1, , , ,

/2

2 21, , , 2, 1, , , ,

csc

2
( ) ( ) 1

a b

i

a b a b

x
h y

x

e h y h y
a b b a a b

θ
α β

π θ
θ θ
α β α β

ϕ
θ

ϕ ϕ
−

−

 
=  

 


 +
 − + − − −

     ( )
( )( )

ü

2 1, , , 2,( )

i

a b
e h y

a b a b

π θ
θ
α β

ϕ
− −

+


+
− + − 

7.  ( )( ) ( )( )( )

( ) ( )

1, , , , 1, , , ,

1/2

1, , , ,

cot
2

( csc )
2

a b x a b

a b

h D x i h x y

x yh y
x

θ θ
α β α β

θ
α β

α βϕ θ ϕ

ϕ θ

−
= − +

  
  −     

     ( ) ( ) ( ) ( )

( ) ( )

/2 /2
1, , , 1,

1, , , 1,

i i
a b

a b

x
e h y e

x

x
h y

x

π θ π θθ
α β

θ
α β

ϕ

ϕ

− − −
−

+

   
   −       
 
            
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Clifford transform on basic functions

1.    ( )( ) ( )2, , , , 2( 1) ,r r r
a b ch x c D K c yθ θ

α β
δ − = −

.

2.   ( )

( )

2

2

ü
2 2

2, , , ,

1cot 1/22 2
, , , , 1,( csc ) csc .

a b i x

a b

i a by

a b a b

h x H c x e

e y c C cy

α β θθ
α β

α βθ

θ α β
γ θ θ

− + + −
−

+ + − −
−

+

 
 −
 
 

=

3.  ( )
2

2

1 cot
2 2

2, , , ,

2cot 1/22 2
, , ( csc )

a b i x

a b

i a by

a b

h x H c x e

e y c

α β θθ
α β

α βθ

θ
γ θ

− + + −
+ −

+ + − −
−

 
 −
 
 

=

( ) ( )1/2 1/2
, , 1, , , 2,csc ( csc ) csc .a b a bc C cy y C cy

α β α β
θ θ θ−

+ +
 −
 

4.   ( )

( ) ( )( )

( )

2
2 2 1

2
22 1

2

2, , , ,

csc
cot

2 csc11 2

1
2, , , ,

2

csc
csc

a b

i y ci ca b

a b

h cx

c e e

y
h

c

θ
α β

θ
θ

θθ θα β

θ
α β

ϕ

θ
ϕ

θ

    −  + − −  − − +   =

 
 
 
 

where 2
2 1cot cot .c θ θ=

5.   ( )

( ) ( )( ) ( ) ( )( )( )

ü

2, , , ,

/2 /2
2, , , 1, 2, , , 1,

( csc )
a b

i i
a b a b

x yh
a bx

e h y e h y

θ
α β

π θ π θθ θ
α β α β

ϕ θ

ϕ ϕ− − −
− +

 
=   − 

+

6.  . ( ) ( )

( )
( )( ) ( )( )

2, , , ,

/2

2 22, , , 2, 2, , , ,

csc

2
( ) ( ) 1

a b

i

a b a b

x
h y

x

e h y h y
a b b a a b

θ
α β

π θ
θ θ
α β α β

ϕ
θ

ϕ ϕ
−

−

 
=  

 


 +
 − + − − −

   

      ( )
( )( )

ü

2 2, , , 2,( )

i

a b
e h y

a b a b

π θ
θ
α β

ϕ
− −

+


+
− + − 

.

7.   ( )( )

( )( )( ) ( ) ( )

2, , , ,

1/2

2, , , , 2, , , ,

cot

( csc )
2 2

a b x

a b a b

h D x i

x yh x y h y
x

θ
α β

θ θ
α β α β

ϕ θ

ϕα β θϕ

= −

  −
 + −     

      ( ) ( )

( ) ( ) ( ) ( )

/2
2, , , 1,

/2
2, , , 1,

i
a b

i
a b

x
e h

x

x
y e h y

x

π θ θ
α β

π θ θ
α β

ϕ

ϕ

−
−

− −
+

   
         
 

    −         

The generalized Fractional power of generalized 
Hankel Clifford transformations

This section introduces the generalized Fractional power 
of generalized Hankel Clifford transformations and their 
characteristics. Note that in this section, we will work with 

( )'1, , , ,a bhθ
α β

, as one can derive all the analogous results for 

( )'2, , , ,a bhθ
α β

 using this section.

Definition 3.1. For , , a bα β ∈ ≥ , the generalized 

Fractional power of the first generalized Hankel Clifford 
transformation ( )'1, , , ,a bhθ

α β
 on ( ) ( )

'

2, , , ,a b Iθ
α β

  as the adjoint 

operator of 2, , , ,a bhθ
α β

 on ( )2, , , ,a b Iθ
α β

  as

( )

( ) ( ) ( ) ( )

'

1, , , ,

'

2, , , , 2, , , , 2, , , ,

,

, , ; .# 3.1

a b

a b a b a b

h f

f h f I I

θ
α β

θ θ θ
α β α β α β

Φ

= Φ ∀ ∈ Φ∈ 

Observe that (3.1) can be treated as generalized mixed 

Parseval’s equation as if we suppose 2, , , , ,a bhθ
α β

ϕ ϕΦ = ∈  

( )2, , , ,a b Iθ
α β

  then ( )ü  becomes

( ) ( )
( )

'

1, , , , 2, , , , 2, , , , 2, , , ,

1

2, , , , 2, , , ,

, ,

, , .

a b a b a b a b

a b a b

h f h f h h

f h h f

θ θ θ θ
α β α β α β α β

θ θ
α β α β

ϕ ϕ

ϕ ϕ
−

=

= =

Special Case:
Note that the Fractional power of the first generalized 

Hankel Clifford transformation 1, , , ,a bhθ
α β

 is a particular case 

of the generalized Fractional power of the first generalized 
Hankel Clifford transformation ( )'1, , , ,a bhθ

α β
 as by (1.23), we 

know that ( ) ( ) ( )
'

1, , , , 2, , , ,a b a bI Iθ θ
α β α β

⊂   and using mixed 

Parseval’s equation (1.11), we have

( ) ( )
'

1, , , , 1, , , , 2, , , ,, , , .a b a b a bh f h f Iθ θ θ
α β α β α β

Φ = Φ Φ∈
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Which can be written as
	 ( )'1, , , , 1, , , , .a b a bh f h fθ θ

α β α β
=

Definition 3.2.  For , ,  a bα β ∈ ≥ ,  the inverse 

generalized Fractional power of the first generalized Hankel 

Clifford transformation ( )' 1

1, , , ,a bhθ
α β

−
 on ( ) ( )

'

2, , , ,a b Iθ
α β

  as

( ) ( ) ( ) ( )
ü

1, , , , 2, , , , 2, , , ,, , , .# 3.2a b a b a bh f f h Iθ θ θ
α β α β α β

− −
Φ = Φ ∀Φ∈

Theorem 3.3. The generalized fractional power of the 
first generalized Hankel-Clifford type transformation 

( )'1, , , ,a bhθ
α β

 is an isomorphism from ( ) ( )
'

2, , , ,a b Iθ
α β

  to itself.

Proof. For ( )2, , , ,a b Iθ
α β

Φ∈  then by Theorem 2.4, . 

( )1, , , , 2, , , ,a b a bh Iθ θ
α β α β

Φ∈
 
Which implies that (3.1) is well-

defined. Clearly, it is linear. To show the continuity, consider 

a sequence { } 0n n
x

∈
→


 in ( )2, , , ,a b Iθ

α β
  as j ∞→ . As we 

know that 2, , , ,a bhθ
α β

 is continuous, then { }2, , , , 0a b n n
h xθ

α β ∈
→


 

i n  ( )2, , , ,a b Iθ
α β

  a s  j ∞→ .  H e n c e  f r o m  ( 3 .1) 

( )'1, , , , , 0a b n
n

h f xθ
α β

∈

 
→ 

  
 in ( )2, , , ,a b Iθ

α β
  as j ∞→ . 

Therefore, ( )'1, , , ,a bhθ
α β

 is continuous on ( ) ( )
'

2, , , ,a b Iθ
α β

 .

From (3.2), one can see ( ) ( ) ( )
ü

1, , , , 2, , , ,a b a bh f Iθ θ
α β α β

−
∈ 

, Hence by using (3.1) and (3.2), we have,
	

( ) ( ) ( ) ( )' ' 1 1 '

1, , , , 1, , , , 1, , , , 1, , , , .a b a b a b a bh h f f h h fθ θ θ θ
α β α β α β α β

− −
= =

Therefore, we conclude that the proof is complete.
Now, we state similar operational formulas as we saw 

in section 4 for the generalized fractional power of the first 
generalized Hankel-Clifford type transformation.

P r o p o s i t i o n  3 . 4 .  F o r  , , a bα β ∈ ≥  a n d  a l l 

( ) ( )
'

2, , , ,a b Iθ
α β

ϕ ∈  ,

i.   ( ) ( )

( ) ( ) ( )( )

'

1, , , , , 1, , , ,

'/2 1/2
1, , , 1, ( csc )

a b a b

i
a b

R h y

e h x y

θ
α β θ α β

π θ θ
α β

ϕ

θ ϕ− −
+

 
 
 

= −

ii.  ( ) ( )( )

( ) ( ) ( )

'
*

1, , , 1, 1, , , , ,

'/2 1/2
1, , , ,( csc )

a b a b

i
a b

h R y

e y h y

θ
α β α β θ

π θ θ
α β

ϕ

θ ϕ

+

−  
= −  

 

iii. ( ) ( )( )

( )( ) ( )

'

1, , , , 1, , , , ,

'

1, , , ,csc

a b a b

a b

h y

y h y

θ
α β α β θ

θ
α β

ϕ

θ ϕ

∆

= −

iv. ( ) ( )

( ) ( )( )( )

'

1, , , , , 1, , , ,

'

1, , , , csc

a b a b

a b

h y

h x y

θ
α β θ α β

θ
α β

ϕ

θ ϕ

∆

= −

For ( ) ( )
'

1, , , 1, ,a b Iθ
α β

ϕ
+

∈ 
	
v.  ( ) ( )

( ) ( )

'

1, , , , , 1, , , 1,

1'
2 2

1, , , , ( csc ) ,

a b a b

i

a b

S h y

e h x y

θ
α β θ α β

π θ
θ
α β

ϕ

θ ϕ

+

 − − 
 

 
 =
 
 

vi.. ( ) ( )( )

( ) ( )

'
*

1, , , , 1, , , , ,

1 '
2 2

2, , , 1,

 

( csc ) .

a b a b

i

a b

h S y

e y h y

θ
α β α β θ

π θ
θ
α β

ϕ

θ ϕ
 − 
 

+

 
=  

 

Remark. The study is motivated by (Prasad & Kumar, 
2014), and we firmly believe that the result obtained in our 
research is more vital than it and can be reduced to (Prasad 

& Kumar, 2014) by putting the value 
1 ,
4 2

µα β= + =  
1
4 2

µ
−  

and 
1 1,
4 2 4 2

v va b= + = − .
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