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Abstract

This research introduces a pair of the fractional powers of generalized Hankel-Clifford transforms and their associated differential
operators. It also explores mathematical properties and their behavior in Zemanian-type spaces.
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Introduction

Studying integral transformations and their related
differential operators has long been a key component of
mathematical analysis. It provides effective techniques for
solving problems in differential equations, signal processing,
and various fields of science and engineering (Graf, 2010;
Pathak, 2017). The Hankel-Clifford transform is one such
transformation that has gained attention for its utility in
boundary value problems and its connections to higher-
dimensional spaces. Over time, this transformation has
been generalized and extensively studied by researchers,
including (Prasad et al., 2012), who work on the establishment
of the pseudo-differential operator as a continuous linear
map on Zemanian-type spaces with integral representation
and norm inequality using Hankel-Clifford transformations.
(Prasad & Kumar, 2014), whose work on fractional powers of
Hankel-Clifford transformations and pseudo-differential
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operators significantly contributed to this area.

Further developments by (Gorty, 2014) on the
computational aspects of discrete generalized Hankel-
Clifford transform, followed by his study on continuous
fractional forms, laid the groundwork (Gorty, 2015). (Prasad
& Kumar, 2016) have investigated compositions of pseudo-
differential operators associated with fractional Hankel-
Clifford transformations, expanding their application
in functional analysis. Additionally, the theoretical and
practical aspects of fractional Hankel-Clifford transforms
within Sobolev-type spaces have been explored by (Kumar
& Pradhan, 2022), with recent research by (Waphare & Shaikh,
2023) examining fractionalization techniques for these
transforms. Our research is motivated by all of these results.

Our study aims to introduce and characterize a pair of
fractional power generalized Hankel-Clifford transforms. We
will explain their mathematical properties and behavior in
Zemanian-type spaces defined in this paper.

Let us begin with the traditional definition of a pair of
Hankel-Clifford transforms of order was initially introduced
by (Betancor, J.J., 1989) and (Pérez & Robayna 1991) and is
defined as

(h,0)() =" [ C, (w)o(x)dx.#(1.1)

(hzjﬂ‘P)(y) = J.O X”Cﬂ () (x)dx,#(1.2)
where C (x)=ty #J ( Jx) is the first kind

of Bessel-Clifford function of order .
Later, (Malgonde, S.P. & Bandewar, S.R., 2000) introduced
generalized Hankel-Clifford transformations of order
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(aNB) i, whichhastwo real parameters o and f3,
and it is further investigated by (Pansare & Waphare, 2016)
and is defined by

(5()’):(h,,a,ﬁ(ﬁ)(y):ya*ﬂj.:(?aﬁ (x) o (x)dx,#(1.3)

7 (0)= () (0) = [ 5°7C, , () (x) de(1.4)

where iiaﬁ( ) is the first kind of generalized
Bessel-Clifford function of order a—f defined by
—a+f
Ca,/i (xy):(xy) 2 Ja—ﬂ (2\/5)
Here, we use these generalized Hankel-Clifford
transformations to introduce the fractional power of

generalized Hankel-Clifford transformations of order a —b
, which depends on «, S

(1 ) 0) =00 ()= [ KO (1) () #(01.5)

where,
" i(xz+y2)ﬁ 0
Yapo¥ ﬁCa’/j’a’b (xycsc@) e(2 ) 0 # nr,
K? (v9)= {7, () 0= % #(1.6)
§(x —y) 0=nrx

And.

(_a+/)’)/2Ja_b (2 xy)é Yapo

=exp[i(a—b+l)(7r/2—¢9)]

C, pan ()= ()

Similarly,

(hf’a, ﬂ,a’bw)(y)zlﬁia’ s (¥)= j OKg(x, P)w (x)dx, #(1.7)
where,

i(2 2\ 0
xa_ﬂCaﬁab(xyCSCQ)e(Z(x s ] 0 #nr,

}/a,bﬂ
4 _ -B
K2 (x,y) =x“ Ca,ﬁ,a,b (xy)

5(x-y)

T
0=—, #(1.8
T #09)

0=nr.

0 _ a-pf0
Note that (hz,a,ﬁ,a,b'//)(y) =y (h1,a,ﬁ,a,b¢)(y)‘
The inverse is defined as,
0 1. “ =0 V)
= (hl,a,ﬂ,a,b) Papab (X)ZJOKl (n.x)9 La.f.ab (»)dy.#(1.9)

-1 0 _ 5
V= ((hf,a,ﬂ,a,b) Vl;a,ﬁ,a,b ](x) = J‘O Kf (x’y)x//zg’aﬁwa’b (y)dyv#(llo)

where, 1?1‘9 and Ef are conjugates of Klg and Kzg

respectively.

Parsevals’s Identity

oo [ (1, ) s e

is Parseval’s identity for (1.5) and for (1.7) we have,

J‘Oxa—ﬂ(p(x)lp(x)dx = Joya—ﬂ (hzg,a,ﬁ,a,b(p)(y)(fﬁ,a,ﬂ,a,bgp)(y)dx'
We can also express mixed Parseval’s identity using
Fubuni’s theorem as

o)z (xyae=[ (w0, 0))(H . 5.00)(r)dr#(111)
Also,
DIC, (x)=(1)C, , (x); D! [x“‘/’”ca . (x)}

—
=x*C, o (x) vreN #(1.12)
Preliminary

Let usintroduce some differential operators corresponding
to the fractional power of generalized Hankel-Clifford
transforms followed by (Torre, 2008) as

(ixzcolﬂj a—-f+a-b+1 —a+p-a+b [7ix200[0]
=e X 2 Dx 2 ¢°?2 ,#(1.13)

La,B,a,b,0 X
—a+f+a—b+1 (_i’xzcom
e

(ixzcotﬁj a-f-a+b j
e’ Jx 2 Dx 2 ? #(1.14)
X

Sl,a,ﬂ,a,b,ﬁ
Also, the Kepinski-type differential operator is defined as

Alapabo = Siapanofiapano

(;xzcotg) a—a-pf+b . —a—a+pf+b
=e\? x 2 Dxx”_ +Dxx 2

(—;xzcotGJ
e ? #(1.15)
=xD? +[(1-a+ B)-2ix’ cot0 | D_~[ (2= + p)ixcotO+ x* cot’ ¢

+a2+b2—a2—ﬁ2+2(aﬂ—ab)

#(1.16)
4x

Similarly,

(ixz cotHJ —a+p—-a+b a—p+a—b+1 [_ixz cotBJ
R2a/z’ab6’:_ez x * Dx 2 e? H#(1.17)

[ixz cot 9] —a+fta-b+l a-f-a+b [,sz cot 0]

—_,\2 2 2 2

Srapano = ¢ x D x e . #(1.18)

B apano =R papoSrapano

[ixz cotﬁj —a—a+f+b bl a—-a-p+b
x 2 Dx*"Dx ?

e[féxzmth #(1.19)

=e
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= xDj +[(1+a—ﬂ)—2ix2 cot@]D)C —[(2+0¢—ﬁ’)ixcot0+x3 cot* @

a’+b* —a’ - B> +2(aB —ab)

+ ) 1.20
4x ( )
Note thatif = f=0,a=b=0,0=7/2 in Al,a,ﬂ,a,b,&
and Az,a,ﬁ,a,b,a then, in both cases we get
_ 2 . _ 2
Al 00005 XDy JrDx’Az,o,o,o,o,;r/z =xD +D,.
””” 2
Thus, Al = Az
Andfor a = f,a=b,0 =7 /2 we have,
A =xD*>+D ;A =xD*+D .
1,a7a,a,a,£ x x’  2a,a,a,a,7/2 x x
2

Thus, Al = A2

The spaces Hfa’ﬁ,a,b (/) and Hza,ﬁ,a,b (7)

In this section, we present the Zemanian-type spaces
motivated by (Zemanian, A.H. 1962), the spaces ngaﬂ b(I)
0 . B, a,
, HZ,a,ﬂ, b (1), and their duals.

Hfa,ﬂ, b (1) is space consisting of all the complex-
valued smooth function ¢ defined on | such that, for
Vq,k € No , it satisfies

_ata—f~b (—ixz cot 9]
— q pk 2 2
(go) = sup|x Dxx e

xel

La,B.ab
o)

q.k.0 (o(x)

. _a+a—f-b (éxzﬁ 9)
=supx’D*x 2 e
X
xel

o(x)| <o0. (1.21)

Also, the family of seminors { La.p, ab

Py generate
| n (. "
topology over \afab .

}q,keNO

0 . _
Hz,a,/s, b () is space consisting of all the complex-

valued smooth function ¢ defined on | such that, for
Vq,k € No' it satisfies

a-a—f+b [_1 2 o
2.a.p, a,b — q pk 2 2
Pia ((p) —sxlg)x Dxx e

. a—a—f+b [éxzﬁ 9]
=sup|x’D*x 2 e

X
xel

o (x)| <oo.

2.a,B, a,b

Also, the family of seminors {pq,k,e } generate
q,keNO

topology over Hfa’ﬁ’ s (7).

Now, consider a function w(x), which is locally
integrable and of slow growth as x — o such that
afa B b (L g is absolutely integrable on I. Then
i 2 w(

v generates regular generalized functions in the dual of

0 . 0 "'\ b
Hl,a,ﬂ,a,bVIZ’l'y € (Hl,a,ﬂ,a,b) (1) Y

(v.o) = [ w()o(x)ax oer!, , (1)

| arapb (5 cmg]
2 e

_atra=fp-b (—%xzcolé] © —m+
2 e y/(x)dx+jl x

a+a—f—b
2

, w(x)x

As y (x) is of slow growth, letus choose m large enough

aNa B b

m (éxzﬂ 0
i 2

so that )l//( ) is absolutely convergent

on [ .Then,

|(!//,¢>|sp(l;7§’,’£’“”’(¢)j x 2 e

I N

0
Hence, HZ,a,ﬂ,a,b

(<M p) (1)

Following a similar way by considering a locally
integrable function y of slow growth as x > and

ﬁ% (%xzﬁ ajl//( ) isabsolutely integrable on . Then

v generates regular generalized function y in
) :
(HZ,a,ﬁ,a,b) (I) by

peH’ (1).(1.23)

<y,p) =I0W(x)¢(x)dx’ 2,a.8,a,b

0 0
Hence, we have 1 . (I)e (Hz,a’ﬂ,a,b

)(I) Also,
observe that (Hfa’ﬂ,a’b)(l) and (Hf,a,ﬂ’a,b) (1) are

complete.
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Characteristics of fractional powers of generalized
Hankel-Clifford transformation

Here, we state some properties of fractional powers
of generalized Hankel-Clifford transformation and its
differential operators.

1. fa,feR,a>2b and qgeN, then

Rl,a,ﬂ,a+q—l,b,0 . 'Rl,a,ﬁ,a,b,9¢(y)

éyz cotf a+a—-f-b+q —-a—a+p+b —sz cotf

=e y 2 D;fy 2 2

o(y).#(2.1)

0
where pe H7 ().

Proof. Given ¢ € H’

V. f.ab (1) , then from (1.13), we have

—a—a+f+b

i
—y-cotd
2)’

a+a—f-b+l1 —éyzcotﬁ
R o pasa?(¥)=e Y

> Dy ?* e o(»)

Rl,a,/?,a+l,b,BRl,a,ﬁ,a,b,€¢(y)

éyzcotH a+a+l-p-b+1 —a—a-1+p+b —iyzcotﬂ

—e y 2 Dyy 2 e 2

Rl,a,/)’,a,b,ﬂ(p(y)

a+a+i-f-b+ —a—-a— +f+b _i‘y cotd

2 Dyy 2 e? e

iyi'cotﬂ iy cotd
= 62 y 2

a+a—pf-b+1 —a—a+p+b —éyzcotﬂ

xy 2 Dy ? e o(v)

i 2
—y~cotd
= ez y
Continuing in this manner, we get the desired outcome.
Rl,a,ﬂ,a+q—l,b,t9 . 'Rl,a,ﬂ,a,b,€¢(y)

iyzcotﬁ a+a—p-b+q —-a—a+f+b 2 eoto

—e y 2 D}‘fy 2 g2

o(»)-
2. fa,feR,az2b and q,keNO then

k

2
Rl,a,,b’,a+k+q—l,b,9 ”'Rl,a?ﬂ,aJrk,b,G (yCSCQ) (p(y)

k
=(yescd)? Rl,a,ﬁ',a+q—1,b,9 "'Rl,a,ﬂ,a,b,a(p(y)’(z'z)

where (peHl‘gaﬁab(I).

Proof. From (1.13), we have,

g @Hatk-pbil  —amakefrb i

o6
Rl‘aﬁ.aﬂ.b.é(ycsce)k/z(p(y) =e? y : D,»,y 2 e? (yCSC'g)m?’(Y)

i ata-f-btl

o Vcotd —a-a+f+b i
e? ¥y

—Zylcotd
2

Dy ? e o(»)

y

= (ycscO)
k
=(ycsch)? Rlﬂvﬂ'a»b.qu(y).

Next, consider
k2
Rl,a,ﬂ,a+k+l,b,9Rl,a,ﬂ,a+k,b,9 (ycscH) (p(y)

éyzcotﬁ a+a+k+;fﬂfb+ 7a7ufl<zf +p+b —éyzcotﬁ p o
y Dy e (yescO) "R, 5 ,2(9)

I

=e
k

_ 2
=(ycscd) Rl,a.ﬁ,u+1,b,9Rl,a,ﬁ,a,b,9(p(y)'

Continuing in the same way until we get
k
2
Rl,a,ﬂ,a+k+q71,b,9 '”Rl,a,ﬁ’,a+k,b,t9 (ycsc@) (o(y)
k

_ 2
=(yescO) Rl,a,ﬂ,a+q—l,b,5 "'Rl,a,ﬁsa,bﬁw(y)'

Lemma2.1.If ¢,feR,a>b and ¢ eNO then

~60
Rl,a,ﬁ,a+q—l,b,9 '"Rl,a,ﬁ,a,bﬁ@l,a,ﬂ,a,b (y)

= (=1 eiiq[%igjhﬂ

q
P (xcsch)? ¢ ((v),

where ¢€ngaﬁab([)'

Proof. From (2.1) and (1.5).

~0
Rl,a,ﬁ,a+q—l,b,9 . 'Rl,a,ﬁ,a+k,b,0¢l,a,ﬂ,a,b (y)

a+a—p-b+q —-a—a+p+b L ote y

? D)(fy ? e? go],a,ﬂ,a,b (y)

Lyzcotﬁ
=e2 y

ara—f-b+q

2 g 2
Dyy

St fth g = RN

-B
v 7a.b,SIO Ca,ﬂ.“,b (xyesco)e?

ara-fbrg a-a-fb a-a-pb i
2 J‘oD;] y 2 (xyescl) 2 Ca‘b(xycscg) e? o(x)dx

L)oo
=e? )

éyzcol()
=V uno®
a+a—f-b+q 7a—a—ﬁ+b+q

I w(xcsc 9) c
0

a+q b

d )i 0
=070y F )

(xycscH)e;

- B2, 2\
=Dy bgyafﬁj‘ C, paran (xycscﬁ)ez(x ek H(xcscb’)"/z(p(x)dx
a,n, 0 a.p.atq,

_iq[z_,g) q
=(-7e \? hﬁa’ﬂ,am’b (xesc6)2 o |(v)

Lemma 2.2.If and then

7 q/2 p* *
hl,a,ﬂ,a+q+k,b (()CCSCQ) Rl,a,ﬁ,a+k—1,b,€ o Rl,a,ﬁ,a,b,9¢)(y)

k ik(%_g) 0 %
=(-re By pavan| (XC5CO)2 0 (»),

[
where pe ' (7) and
. —éxzcota a+a—f—b+l —a—a2+ﬁ+b éxzcota .
\aBabo =€ X Dxx e is
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adjoint of Rz,a,p,a,b,e .

Proof. First, Consider the following and use integration by
part,

0 qii
hl,a,ﬁ,a+q+l,b ((XCSC 9) Rl,a,ﬂ,a,b.(iw)(y)

i
—(xz +y? )co!

_ ap[* 2 ¢ /2 p*
- 7a+q+1,b,0y .[0 Ca,ﬂ,a+q+1,b (xy csc@)e (xcscO) Rl‘u,ﬁ,a,h,ﬂq,(x)dx

i —ata+q+1+f-b [P
= Vu+q+1,b,9yaiﬁj (xycsc 8) 2 Caxqsrp(xyesc 8) (xcsc g)quez@f +y?)cote
0

ata—f-b+1  —a—atftb i
2

Lcots
Dx~ 2 ez “Yp(x)dx
a+a+1-B-b

z

b4
ymas2 f (xyesc @)%+ THDC, oy (ryese 8)
0

L2
X e X Cotﬂx

= Ya+q+ Lbﬂy“_ﬁ(ycsc )"
—a—a+f+b i
X Dyx z ef(xz”z)mte@(x)dx
. _a+a+1-B-b
= Ya+q+1b8Y ﬁ(ycsc 9) 2

ya? f (yesc 0) (xyesc 0) P Cy, o (xyesc )
0
N xfafaz+ﬁ+be%(xz+y2)mtg(p(x)dx

«© i
~ Yasqrunoy P ese0)? [ Copaigp(ryese 8)e2 IO rese )02 ()dx
0

= (—1)el™/2-8) (yesc 6)1/211f_a_5_u+qyb((xcsc G)Q/Z(p) ).
Next, by a similar process, we get
1 * *
e (xcscd)2 R R (»)

La,p,a+q+2,b lLa,p,a+1,b,0 l,a,ﬂ,a,bﬁ(o

7T

5 21[5—0] P 4q
=(-1)"e (ycsc@)h],a,ﬂwq,b (xcsch)? (y)

Continuing similarly, we obtain

q
4 2R R
hl,a,ﬂ,a+q+k,h (XCSCH) lLa,pB,a+k-1,b,0 Rl,a,ﬁ,a,b,ﬁ(p (y)
. ik(%—a] P 4q
=(-D)"e hl,a,ﬂ,a+q,b (xcscO)2 o |(v).

Hence proof is complete.

The following two theorems will be the main findings
of this section.

Theorem 2.3. The fractional power of the first
generalized Hankel-Clifford type transformation hfa,ﬂ, ab

is an isomorphism from ngaﬂ b (1) toitself. Furthermore,

-1
(ha ) is a linear and continuous map from
La,B, ab

Hfa,ﬂ’ b (1) toitself.

Proof. Consider ¢ e H’

e pas (I) then by Lemma 2.1
we have,

~0
Rl,a‘ﬁ,a+k71,h,t9 o 'Rl,a,ﬁ,a,b,ﬁ(pl,a,ﬁ,a,b (y)

ﬂ'q(zf@j 9
=(-1)7e \? hfa’ﬂ‘aw,b (xcsc6)2 ¢ |(y).

Using Lemma 2.2, the above equation becomes

~0
Rl,a,ﬂ,a+k—l,b,9 o 'Rl,a,ﬂ,a,bﬁ(pl,a,ﬂ,a,b (y)

4/([179) )
e ? 0 R X
= iq(ﬁ—e) . o parqris| CSCO? R, bR pano? ()-
(-D%e ‘2 (yesch)?
Hence,
_1\k+g q/2 ~6O
( 1) (yCSCH) Rl,a,ﬂ,a#—kfl,bﬂ '"Rl,a,ﬂ,a,bﬁwl,a,ﬁ,a,b (y)

T2, 2
_i(k+q)(x/2-0) _p i [~ ()i 0
=e Vaskrgnad” " (vescd)’ 0 C o pashian (xvescd)e?

a+a+q-p-b —a—a+f+b ixzcoté’

£ L x2cotd
x(xcscO)'“e 2 x 2 Dgx 2 g2

go(x) dx
a+a+q—f—-b
xyescd)(xesed)Px 2

—a+atk+q+p-b

_ a-p [ 2
=Y 0¥ J.o (xycscd) Ca+k+q,b (

cozitfr 7(xz+y2)ﬁ 4

xDix 2 e? o(x)dx

Therefore,
Now from above and for n>a+k-b we have

xit - <(1+x2)n , which gives,

—-a—a+p+b Lyzcotﬁ »

k+ k
D"™yDly 2 el P pap(V)

—a—-a+f+b i ,

Ak n 1 — Y = t6d d

+ o X~ col X

: 1 9 D( ]J ' ? ? ( ) 2
.a,f,a,b,0,k, zr r 0 x 1+x

T o n+1 —a-a+frb i')cz cotd
<—E Z suplx"Dix 2 g2 o(x)
2 La,p.ab.0.kq r ) xel X

r=0

n+l
T n+1 a,
< EEl,a,ﬁ’,a,bﬂ,k,q Z_(;( 7 jpzlg,;:g, ’ (¢) #(24)

6 0
Therefore hl,a,ﬁ',a,b¢ € H],a’ﬁ,a,b ().

Also from (1.5) and (1.9),

-1 -1
0 0 _ 0 0
(hl,a,ﬁ,a,b) h1,a,ﬁ,a,b¢ =¢= hl,a,ﬂ,a,b (hl,a,ﬁ,a,b) (p,#(2.5)

which clearly shows that hlea is a linear injective

B, ab

map from Hfaﬂ ab(]) onto itself. To show the continuity

of n?

, consider the sequence {x } —0 in
La,B, a,b n)peN

0 . . )
4.5, ab (I) as j — o .Using the above sequence in (2.4)

and applying its convergence, one can easily verify the

continuity of hl‘ga b Next, we prove the second part.

B, a,



258 Balasaheb Waphare et al.

The Scientific Temper. Vol. 15, special issue-2

Following the above procedure, consider

-1
_ ke q/2 p* * 4
(=D (yesco) Rl,a,ﬁ,a+k-1,b,9 "'Rl,a,ﬁ,u,b,g (hl,a,ﬂ,u,b) (y)

—i(k+q)[£—6] -1 k
_ 2 0 2
=e (hl,a,ﬂ,a+k+q,b) (xescd) Rl,a,ﬂ,a+q—l,b,€ "'Rl,a,ﬂ,a,b,€ (»)-

Hence,
—a+fB-at+b i 2%

9 -1
q pk 2 2 0
y Dyy € (hl,a,ﬁ',ak+q,b) (y)

n+l 1

T h La,p,a,b

< — S, P,d,

<5 Ewpanona Z[ , ]p g (0):
r=0

-1
which shows the continuity of ( ) and hence

0
hl,a,ﬂ,ak+q,b

proved.

Similarly,

Theorem 2.4. The fractional power of the first
generalized Hankel-Clifford type transformation hZa,ﬁ, b

is an isomorphism from Hfa 5 ab (1) toitself. Furthermore,

-1
e is a linear and continuous map from
2.a,p, a,b

Hf,a’/),, b (1) toitself.

We shall now provide operational formulas for the
fractional power of the first generalized Hankel-Clifford type
. 0
transformation hl,a,ﬂ, b
Proposition 2.5.For o, f e R,a>b and all

peH’ (I)’

Lo, B.ab
: . ﬂ-[gfg] ) 1
N Rl,a,p,a,b,e(h1,a,ﬁ,a,b¢)(y) =e W panin ~(xesc0)? ¢ |(v),
0 * i[%'gj % 0
hl,a,ﬂ,aﬂ,b (Rl,a,ﬁ,a,bﬂ(p)(y) =€ (y cse 9) (hl,a,ﬂ,a,bgo)(y)'

Proof. For ¢ e H’ (1), Let

La,B.a,b

Rl,a,ﬂ,a,b,e (hsa,ﬂ,a,bq))(y)

éyz cotd a+a-f-b+1 —a—-a+f+b

=e y 2 Dyy 2 e

0

a=p
y 7a,b,0.|‘0 Ca,ﬂ,a,b

i
——y~cotd
> Y

i

(xycsch)e?

(xz+y2)cmg¢(x)dx
—iyzﬁ 0 a+a—p-b+1

=7.00¢ > y 2 I:Dy [Ca . (xycsc@)}

_a—a-p+b —ixzﬁ 0

(xcscd) 2 e ?

go(x)dx

a+a—f—-b+1 o a—a—pf+b-1
2 I (xycscd) 2
0

=V apo? Ca,ﬂ,a+l,b

_a-a-p+b i 2\eo
(xycscé’)(—l)(xcsc@) 2 ><e2( 7 Jeord

go(x)dx
~ s [ ) é(xz+y2)ii 0 X 0% i
=7 po? IO aﬁ’aﬂ’b(xycsc )e (—1)(xcscH)2 ()

_i[%_gj 0 5
=€ h1,a,ﬁ,a+1,b ~(xcsc0)? @ |(»)-

For the second part, consider

22}
0 * _ a-p
hl,a,/i’,aJrl,b (Rl,a,ﬂ,a,bﬂ(/))(y) - }/a+l,b,9y _[0 Ca,ﬂ,aJrl,b
iyz cotd a+a—f-b+1 —-a—a+p+b 1 2ot
(xycsch)e? x 2 Dx 2 e o (x)dx
a-a-f+b-1 a+a-pf-b+1 —a—a+f+b

x

= 7u+l.b,5ya7ﬂ_“0 (xycsch) 2 Ca./)’,aﬂ.b (xycsc@)x 2 Dx 2
i 2 2).
—{x"+y )i @
x 82( ) (p(x) dx

_ata—f-b+l —a-a+p+b

2 (xyesch)* 1t C .y (xycsc&)DVx 2

=7 pe?” "’ J , (yesed)

%(xz-#yz)ﬁ 4
xXe

o(x)dx
_ata-f-b+l

= 7a+1’b)gya’ﬁj‘:(ycsc0) 2 (—1)(ycsc@)(xycsc&)”’bca)h (xycsc@))

—a—a+f+b i(x2+y2)ﬁ 0
xx 2 g2

1 {Zy w0 LIS
=—(ycsch)2e (2 ]7a!bﬁy“_ﬁ.|.o Ca,ﬁ,a+1,b (xycsch)e?
7i[£79j 1
__ 2 2 (40
=—e (ycsch) (hl’aﬁ,aﬂ,b(p)(y).
Hence, the theorem is proved.

Proposition 2.6. For o,fcR,a>2b and all

pe Hll,ga,ﬁ',aﬂ,b (1) !

T

X —i| —6 1
. Sl,a,ﬂ,a,b,@(hfa, ﬁ,w]’bgo)(y):e 3 jhfaﬁ,mb[(xcsce)2¢](y)’

[z 1

iil N il -0 —
hfa,/i,a,b (Sl,a,ﬁ,a,b,a(p)(y) =e (2 )(y csc)? (hfa,/z,au,b(p)(y)'

0
Furthermore, For ¢ € Hl,a,ﬂ,a,b (1),

iii. hﬁa,ﬂ,a,b (Zl,a,/},a,bﬂ(p)(y) =—(yesco) hfa,/},a,b(p(y)’
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iv. Al,a,ﬁ,a,bﬂhﬁa,ﬂ,a,bgj(y) = hfa,ﬁ,a,b (—(xcs09)¢7)(y).

Proof. We leave these proofs to the readers as one can
observe that (i) and (ii) can be derived using the techniques
used in Proposition 2.5 Further, (iii) can be easily proved
by combining Proposition 2.5 (ii) and Proposition 2.6 (i),
similarly, (iv) is easily derived by combining Proposition 2.5(i)
and Proposition 2.6 (i). Hence proof is complete.

Here, we define some operational formulas for the
fractional power of the second generalized Hankel-Clifford
type transformation, analogous to the first.

Proposition 2.7. For a,f € R,a>b and all

¢eHZa’ﬂ’a’b (1)

: ,
| SZ,a,,B,a,b,H (h2,a,ﬂ,a,b(p)(y)

_ ilx12-0) hza,ﬂ,mrhb (—(xcsc )" (0) (»):

9 *
h2,a,ﬂ,a+l,b (SZ,a,,B,a,b,9¢) (y)

(5) et (4
=—e (ycsch) (hz,a,ﬁ,a,b¢)(y)’

i hZa,ﬁ,a,b (Zz,a,ﬂ,a,b,a(")(y) =—(yosc e)hZa,ﬂ~a»b¢(y)’

v AZ,a,ﬂ,a,b,th,a,ﬂ,a,bq)(y) = hzg,a,ﬂ,a,b (—(xcsc 9)(0)(y).

For ¢ e Hf,a,ﬁ,aﬂ,b (1),

V. R2,a,ﬁ,a,b,0 (hZa,ﬂ,a+l,b¢)(y)
71‘(&79) 1
=e \? hZH,a,ﬁ,a,b {(xcsc@)zgo](y),
vi. h;a,ﬁ’,a,b (R;,a,ﬂ,a,bﬂw)(y)

i1Z-6 2
—e (2 ](ycsc€)2 (hza,ﬂ,a+l,b¢)(y).

Note that, similar results can be obtained for inverse

and #?

b b’ Using all these

transformations of hl‘ga

properties we define the fractional power of the first and
second generalized Hankel Clifford transform on basic
functions.

Fractional power of the first generalized Hankel
Clifford transform on basic functions

hfa,ﬂ,a,b (5r (x—c)) =1 D:Klg (e.y) .

2 a+a+2—-p-b
_ y~cotd _ _—
= aFe 2 (yescd) e 2

[cl/zCaﬁ,aH’b (cyescd)—(yesed)™? Co pasns (cycsce)}.

0
4, h1,a,ﬁ,a,b(p(cx)
B . il 2 o0 ’
wp| 0S¢0, “’ Har1-5)(6,-6,) 2‘[ {cscoZH“‘Hz 0 ) yese),
=c — e e h? Q)| ——
cscd, befhabT\ esc,

where ¢? cot 62 =cot 91.

La,B.a,b \/; a—b

(ei(n/2—6) ( hfa,ﬂ,a_l,ﬁ”)( y)+ e i720) (hfaj ,;,a+1,b¢’) (y))

X
6. hfa,ﬁ,a,b [‘/’i )J = (yescd)

5. 40 {co(x)} _ (rescd)’

'(7[/279)
e 2
[(a —b) +b-a (hfaﬁﬂ*z»”w)(y)+ (a-b)* -1 (hfa,ﬂ,a,b“’ )(y )

e—iii(/r -0) ,
’ m(hl,a,ﬂ,mz,bq)) (y)

. a-pf
7 hfa,/},a,b (ngo(x)) = —1cot0(hfa’ﬂ’a,b (xgo))(y) + 5

o(x ( 0)"?
hfa,ﬂ,a’b[ ( )JJ(J})_ yCSCz

[l
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Fractional power of the second generalized Hankel
Clifford transform on basic functions

1. h;aﬁ,a’b (5’ (x—c)) =(-1)" D:Kf (c,y) )

—a+a+f-b 0o P
2. 4 [x 2 H(c—x)e 27" J

[cl/zCa’ﬂ,aH,b (cycsc@) —(yesch) V2 Ca,ﬁ,a+2,b (cycsc 6)}

4. pt ﬂ,a’bgo(cx)

2,a,

i 5l csct9l »
i —y°| co
e i i Gy N
€2 2 1

=c e

(h 0 (D) yesed,
2efab )| cesed),

where ¢? cot 0, = cot 0.

5. % ((D(X)]: (ycsc«9)ii

2.a,B,a,b \/; a—>b

(ei(”/z_g) (hia,ﬂ,a—l,bw) (y) + e—i(’f/2‘6) (hZa,ﬂ,aH,bw)(y))

6.. o(x)
hza’ﬁ’a’b { , ] =(ycsch)

i(7/2-6) D)
[(a ~b)’ +b-a (hz“ﬂ/’v”*b(p)(yﬁ (a=by* -1 (hza»ﬂw-b‘”)(y )

e—iii(zz -0) , )
+m(h2,a,ﬁ,a+2,b(p)(y)

7. hzg,a,ﬂ,a,b (ngo(x)) = —icotd

(o015 {1, 212 - 0

I i(m/2— QO(X)
A2 9)[h29,a,ﬂ,a—1,b[ = D

_(y) _ e i(x12-0) [hf v s [%B(y)_

The generalized Fractional power of generalized
Hankel Clifford transformations

This section introduces the generalized Fractional power
of generalized Hankel Clifford transformations and their
characteristics. Note that in this section, we will work with

19a poab) as one can derive all the analogous results for
0 . . .
(hZ,a,ﬁ, a,b) using this section.

Definition 3.1. For a,f€R,a>b, the generalized

Fractional pOW(r of the,first eneralize)d Hankel Clifford

. 0 0 L
transformation hl,a,ﬁ,a,b) on My, 5. (1) astheadjoint

0 0
operator of h2,a,ﬁ,a,b on HZ,a,ﬁ,a,b (1) as

<(hfa,ﬁ,a,b ) S ’q)>

= <'f’hia,ﬂ,a,b®>’vf € (Hf,a,ﬂ,a,b) (1)’(D € Hf,a,ﬂ,a,b (1)#(31)

Observe that (3.1) can be treated as generalized mixed
’ B H _ 0
Parseval’s equation as if we suppose @ = hz,a’ﬂ,a,b(p,(p e

Hzaﬁ’a,b (I) then (i ) becomes

<(hl?a,/i',a,b) f’ hZa,ﬂ,a,b(D> = <f9 hZa,ﬂ,a,b (hZQ,ﬂ,a,b¢)>
-1 _ _
= <fa hZa,ﬂ,a,b (hZa,ﬂ,a,b) ¢> = fa @

Special Case:

Note that the Fractional power of the first generalized
Hankel Clifford transformation h10a 5. ab is a particular case
of the generalized Fractional power of the first generalized
Hankel Clifford transformation (hl‘gaﬁ ab) as by (1.23), we

know that nga b ab (I (’H9 ) (1) and using mixed

2,a.B, a,b

Parseval’s equation (1.11), we have

0 ' _ /0 0
<(h1,a,ﬂ,a,b) f,CD> - <h1,a,ﬂ,a,bf’q)>’q) € HZ,a,ﬂ,a,b (1)
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Which can be written as

0 R
(hl,a,ﬂ, a,b) f - hl,a,ﬂ, a,bf'

Definition 3.2. For a,f€R, a>b, the inverse

generalized Fractional power of the first generalized Hankel

. ,
. . P 0
Clifford transformation (h])a’ﬁ) a’b) on (Hz’a’ﬁ) a’b) (1) as

<(hfa’ o )w f,CI>> - <f,(h29’a’ o )_ q>>,vc1> er! L (N#(32)

Theorem 3.3. The generalized fractional power of the
first generalized Hankel-Clifford type transformation

La.f, ab . a’b) (I) toitself.

(h‘9 ) isanisomorphism from (Hg

0
Proof. For @ e HZ,a,ﬁ,a,b

(I) Which implies that (3.1) is well-

(I) then by Theorem 2.4, .
0 0
hl,a,ﬂ,a,bq) € HZ,a,ﬂ,a,b

defined. Clearly, it is linear. To show the continuity, consider

—0in H’

rap (1) as j—>o. Aswe

asequence {x }
n)neN

knowthat 4?

. . 0
.5, a.b iscontinuous,then {hZ,a,ﬁ, b }nEN -0

in Hf’a’ﬁ’a,b(l) as j—o. Hence from (3.1)
, .
{(hl,a,ﬂ, a,b) f’xn}

0
Therefore, (hl’a’ﬂ’ .

. 0 .
—0 in H2,a,ﬂ,a,b(]) as j .
neN

)' is continuous on (Hg ) (1).

b 2,a,B,ab

0 & 0
From (3.2), one can see (hl,a,ﬁ,a,b) fe (HZ,a,ﬁ,a,b) (1)

, Hence by using (3.1) and (3.2), we have,

) 1 1 '
0 0 (0 0
(hl,a,ﬁ,a,b ) (hl,a,ﬁ,a,b) f - f - (hl,a,ﬁ,a,b ) (hl,a,ﬂ,a,b ) f

Therefore, we conclude that the proof is complete.

Now, we state similar operational formulas as we saw
in section 4 for the generalized fractional power of the first
generalized Hankel-Clifford type transformation.

Proposition 3.4. For o,feR,a>b and all

pe (Hzaﬁ,a’b ) (1),

.. 6 '
I Rl,a,ﬁ,a,bﬂ ((hl,a,ﬁ,a,b) q)j(y)

_ e*i(lr/Z—H) (hfa,ﬂ,ml,b ) (_(xcs09)1/2 (p) (y)

ii. (0 s
(hl,a,ﬂ,a+1,b) (Rl,a,ﬂ,a,bﬁq))(y)
i(/2-0 '
— 72 )(ycsce)”z ((hfa’ﬂ’a,b) (pJ(y)

ii. (0 (A
(hl,a,ﬁ,a,b) (Al,a,ﬁ’,a,bﬁ(o)(y)

- —(ycsca)(hfa)ﬂ,a’b) o(y)

. 0
V. Al,a,ﬁ,a,b,e (hl,zx,ﬂ,a,b) ¢(y)

(1, 0) (-(resc0)0) )

For pe (Hfa,ﬂm],b) (1),

v S1,a,ﬁ,a,b,9(hfa,ﬁ,aﬂ,b) w(y)
I -
—e (hl,a,/i‘,a,b) (xcscd)2 o |(y),

Vi.. 0 o
(hl,a,ﬁ,a,b) (Sl,a,ﬁ,a,bﬂga)(y)

= ei(%"ej (yesc 6)% [(hZa,ﬂ,a+1,b ) qu L)

Remark. The study is motivated by (Prasad & Kumar,
2014), and we firmly believe that the result obtained in our
research is more vital than it and can be reduced to (Prasad

1 1
& Kumar, 2014) by putting the value « :—+ﬁ,ﬂ S ol
4 2 4 2
and a:l+1,b:l—1.
4 2 4 2
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