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A green inventory model for deteriorating items while
producing overtime with nonlinear cost and stock-dependent
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Abstract

Carbon emission alludes to the release of greenhouse gases into the atmosphere and the land or water as a result of human activities.
These emissions are caused by climate change, biodiversity loss, global warming, and the degradation of ecosystems, which affects
our human health and environment. To overcome this problem, this study presents a green inventory model for deteriorating items
while producing overtime with nonlinear cost and stock-dependent demand. In this paper, the Production process allows for overtime
operations with nonlinear expenses, and the inventory level influences the demand. The mathematical formulation is designed to
optimize inventory management and to develop an eco-friendly model for deteriorating items. The model was extended with two new
costs: opportunity cost and Emission cost. To evaluate this green inventory model a numerical example was examined. The results are
discussed with different values of the variables. As the final outcome of this model, the gross cost was determined for environmental

benefits.
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Introduction

A Green Inventory Model alludes to the system that
integrates environmental friendly methods into inventory
management and its optimization. The main concept
is to strike a balance between inventory management
and developing eco-friendly methods to dispose of the
wastages, including waste reuse, reducing carbon emissions,
and using renewable energy. This idea can be used in
advanced sustainability, like the variety of supply chains and
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businesses, without sacrificing operational effectiveness.
The authentic green inventory model was developed under
the fundamental assumption that the rate of production is
constant. In reality, it is noticed that the rate of production
is not always constant because of the heavy competition
in the trading and advertising situation, then the demand
for the product as well. Now the innovative manufacturing
method is more flexible for fulfilling the market demand.

This green inventory model includes two costs that are
environmentally friendly and helps us to choose the best
option among a couple of options. The opportunity cost is
the difference between the remaining option and the chosen
option. The remaining option may considered as the best
option, so we have to find the difference between the two
options. Finding a value of opportunity cost that evaluates
the best time to produce the inventory. Emission cost is used
to reduce carbon emissions. This cost was calculated for the
goodness of the environment. The opportunity cost and the
emission cost are derived and included in this model. The
numerical example is examined to evaluate the developed
model with the two new costs.

The rest of the paper is formulated as follows: Section
2 presents the literature review. Section 3 explains the
mathematical formulation of the proposed model. Section
4 illustrates a numerical example. Section 5 concludes the
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Paper, and Section 6 includes the references. T The time at which the stock amount vanishes
Literature Review T The average cost of the system

The initial study was carried out by Goyal (1976) on joint p Selling price per unit of an item

lot-sizing in a supply chain system. Goyal’s model was Nonli . q d q

extended by Banerjee (1986), removing the assumption of D{p,S(t)} don |nzar price and stock-dependent

infinite production rate. A Goswami et al. (1991) formulated eman

an EOQ model for deteriorating items with shortages and Assumptions

a linear trend in demand. BC Giri et al. (1996) developed
an economic order quantity model for deteriorating items
with time-varying demand and costs. Hariga M (1996)
created Optimal EOQ models for deteriorating items with
time-varying demand. YP Lee et al. (2012) constructed
an inventory model for deteriorating items under stock-
dependent demand and controllable deterioration rate.
S Tiwari et al. (2018) developed Sustainable inventory
management with deteriorating and imperfect quality
items considering carbon emissions. AHM Mashud et al.
(2021) explained sustainable inventory management in
supply chains. BS Mohanty (2024) described green inventory
and carbon emissions. Green technology is a recent trend
in all industries. Many people have extended their model
from inventory to green inventory. J Marklund et al. (2017)
explained about the Green inventory management.
P. Becerra et al. (2021) constructed green supply chain
quantitative models for sustainable inventory management.
Mohammad Abdul Halim et al. (2021) developed an overtime
production inventory model for deteriorating items with
nonlinear price and stock-dependent demand. This research
work also intends to create an inventory model which
consists of the opportunity cost and the emission cost
included with the gross cost.

Mathematical Formulation

To construct the proposed model, the following notations
and assumptions are used. The proper explanation of these
notations are given below:

Notations

S() The stock amount at any moment t

E) Production rate per unit time

o Deterioration rate (0 <0< 1)

C, The setup cost of the production system
Cp Per unit time cost of normal production
C@ Per unit time cost of overtime production
C, Per unit time cost of deterioration

Ca Per unit time opportunity cost

CE Per unit time emission cost

C, Per unit time holding cost

A Time at which the stock amount arrives at

maximum

« The production rate is constant and persistent.
« The demand rate D{p,S(t)}is dependent on the
product’s trading cost and the inventory’s storage

amount. Itisdenoted by. D{p,S()} =ap™ +cS(¢),a,b,c >0

- Reworking or refunding for decay products is not
allowed.

« This approach handles a single product along with
one stocking moment and the project operates for an
infinite time horizon.

«  Replacementis continuous when products are needed.
i.e., the lead time is negligible.

« Shortages are impermissible.

- Overtime production is considered.

Mathematical Model

Green inventory model for production is constructed with
the assumption of persistent production rate and depends
on storage amount also demand for a decay item.
Defining the demand rate,

D{p,S(t)} =ap’ +cS(t),a,b,c>0

and the production rate is,

P(t)=P +{-y.5t)+0.D{p,S(t)} where, F,6 >0
and0 <y <1

Initially, the production rate starts at ¢ = 0 and produces
tothe maximum level f = ¢,, which is. When the time reaches
the maximum level, production gradually decreases and is
reduced to zero. The time is denoted byt = T . The Graphic
explanation of this Production System is designed in Figure 1.

The required green inventory model are formulated as
differential equations

as(t) +0.5(6)=P(t)-D{p,S(t)}, 0<t< t (M

B o50)=-Dip.s@) h<t<T @

With the supportive constraints

The storage amount of the inventory S(¢) = 0 at f = 0 and
t=T. 3)
The production is perpetual at f = {;

According to the condition (3), the solutions of the equations
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Quantity

=0 t=t, t=T

Figure 1: Graphic representation of the production system
(1) and (2) are found.

s =21 g<i<s @
(04

where a =o+y—c(6—1)and ANE B

b ¢ (o+)T—t) _
and s(¢)=2P_1€ U <i<T 5)

(o+0)

Making use of the continuity condition atf = f,, equating

the equations (4) and (5)

pA-e") _ap{e” " -1}
a (o+0)

©)

The Holding cost is calculated in the two time periods. The

time periods are [O,tl ]and [tl ,T]. Integrating the terms,

t T
Cpo =€y [ SOYAE+ [ S(0)dE
0

4

Substitute the value of S(t) from (4) and (5) according to

the time period and solving,

i ﬁ (e—m1 _1) ) apfb 179(“:)(7-5) B (7)
Cho = {a{tﬁ a (c+¢) (c+¢) +T-t)

The Deterioration cost is calculated in the two time periods.
The periods are [0, t ]and [tl ,T] Integrating the terms,

tl
pe=c,| [o.s@)de+ | " 6.5(t)dt
tl
0

Substitute the value of S(t) from (4) and (5) according to
the period and solving,

ﬁ 22
N (+0)
DC=C,c 1 el - r) : @)
+ T-t
oo (r-t)

The general formula for calculating Opportunity cost is,
Opportunity cost = Value of the Next Best Alternative
option-value of chosen option

e \Value of the Next Best Alternative

It defines value of the option among the two which is not
chosen.

e \Value of the chosen option

It defines the value of the remaining option which is chosen.
The Opportunity cost of the two time periods are calculated
as follows:

l’l T
c,.=c,+C,) j S(t)dt |~(C,0) j S)dt || ©

4

Substituting the value of S(t) for the corresponding period

in (9),

—at.

(e -1)

(Cp NCDP)E t
o (04 (10)
Coc = b (o+6)(T—1,)
— 1_ o+C -t
e ap e +(T—t1)

(c+0)| (o+c)

The general formula for emission cost is,

Cp =) (QxEF)
i=1

Q - Quantity of the material

F ; - Emission Factor of the material

The Emission cost of this model is calculated in time periods

[0,7,] and [1,,T].

t1 T
C,=EF j S(t)dt + j S(t)dt an

4

Substituting the value of S(t) for the corresponding time
period in (11),
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Bl :
C,=EF (o+c)(T—1,)

o [[! )+(T—t)

(c+¢) (o‘+c) !

The total Production cost for all the products that are
manufactured in the given time period. The production
rate is increasing in the tjime period 0,t1]and decreasing
in the time period [¢,,T [. It leads to be zero. So now we
only considered the time period from 0 to #, .The Total

Production cost is,

4

PC=C Rt +C, |{-7S@)+5.D(p,S(t)}.dt
0

—at,
PC=C, Bt +C,, | K\t~ Ky (e =D

op (13)

B (y-co)

K, =ap7”5+ﬂ(c5—7) Whereand K, =7

[0
Combining all the costs will get the gross cost ﬂ(tl ,T) or
7T thatis,

C,+C Pt +C,, Koty KB |
p o1l op 171 2

[ e—m’1 _1) ]
gl L)
a a
+(C, +C o +
( h d ) apfb 1_e(o'+c)(T7t1)
+(T-t)
(o+¢) (o+¢)
i ) —at. ] B
e "1-1
1 (Cp+€op)£ t1+u +
ﬂ'(tl,T):? a a
+

ap [1-erOTw
Cdo_(cr+€){ (0'+c) +(T_t1)}

EF,

wherea=c+y—-c(6-1), png &

b

K, =ap‘b5+’8(c5—7) and K, =7 y—co).

a
Now the goal is to achieve optimal values of #, and T for
optimizing the gross cost ﬂ'(tl,T). Assume the values of 7,
and T for the unit time, and then you will find the value of
the gross cost.

Numerical Example

Consider sthe following parameters to illustrate the
proposed model:

B, 110units p 15
C,  50/cycle o 0.1
C, 10/unit ) 0.1
C, 2.7/unit V4 0.03
C, 17/unit/unittime a 100
C, 0.6/unit b 0.5

C, 0.25/unit/unit time
Substitute all the above values in (14) in order to unit
time, then the value of the gross cost found as minimum
and maximum. Substituting the values andy =0,0 =0
with the unit time, then solution of the minimum gross
costis, t,=0.3123 and T =1.2431then the gross cost

is 7' =685.23. Substituting the above values as it is with
the unit time, then the solution of the maximum gross cost
is, £, =1.0047and T =1.6727 . Then the Gross cost is

7 =141845 .

Discussion

Mohammad Abdul Halim et al. (2021) developed an
overtime production inventory model for deteriorating
items with nonlinear price and stock-dependent demand,
and J Marklund et al. (2017) explained Green inventory
management. S Tiwari et al. (2018) developed Sustainable
inventory management with deteriorating and imperfect
quality items considering carbon emissions. AHM Mashud
et al. (2021) explained sustainable inventory management
in supply chains. P. Becerra et al. (2021) constructed green
supply chain quantitative models for sustainable inventory
management. BS Mohanty (2024) described about green
inventory and carbon emissions. This research work is
based on extending the inventory model into the green
inventory model, and it helps to reduce carbon emissions.
The mathematical model introduces two new costs that
are used for manufacturing a product without affecting
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the environment. The new costs, which are opportunity
costs and emission costs. Derive the two new costs and
contemplate it in relation to the total gross cost. The new
costs, which are opportunity cost and emission cost, and
the values of the variables have changed. The values are
calculated as both minimum and maximum levels. From the
calculated values and the total gross cost, we the developed
model was environmentally friendly and also reduced
environmental pollution.

Conclusion

This paper focus on the deterioration items, nonlinear cost,
stock-dependent demand, and two new costs that are the
Opportunity cost and the Emission cost. These costs are
included for reducing the emissions and aid in making the
right decision at the right time. The model was created
in a simple way to understand the assumptions and the
formulations. Through the numerical example the value
of the total gross cost was found in both minimum and
maximum. This paper concludes the results that the new
costs are helping us to manufacture and sustain a product
that is environmentally friendly.
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