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Properties on semi-ring of fuzzy matrices with compatible norm

A. Pappa’, P. Muruganantham, A. Nagoor Gani

Abstract

Objectives: Using applying the concept of compatible norm, this study develops an entirely new type of fuzzy matrix semi-ring.
Methods: The main goal of the current work is to present a novel fuzzy matrix idea on compatible norm SFMc.

Findings: This study introduces fuzzy matrices and explains which ones multiply left and right over addition. Addition and multiplication
are the two binary operations (+, ®) that occur in the semi-ring (S,+,®) of the set S.

Novelty: The idea of generalized semi-ring of fuzzy matrix are SFM_ studied. Using the fuzzy algebra & vector space over [0,1]. Forms

a distributive law and comparable of semi-ring fuzzy matrices.
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Introduction
The authors introduced the idea of fuzzy sets, Zadeh, L. A.
(1965).

The authors introduced the mathematical concepts of
determinants and adjoins for a square fuzzy matrix. The
authors presented the bi-normed sequences in a fuzzy
matrix, Nagoorgani, A., & Pappa, A. (2019).

The authors several principles of matrix theory
along with their applications in the field of fuzzy matrix,
Meenakshi, A. R. (2008).

The authors presented the concept of compatible norms
in the theory of matrix mathematics, including formulas and
facts, Bernstein, S. D. (2009).

Determinants for the non-square fuzzy matrices with
compatible norms were defined by Nagoorgani, A., &Pappa,
A. (2019).
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Some important results on adjoins of non-square fuzzy
matrices along with compatible norms were introduced
by Muruganantham, P, Nagoor Gani, A., & Pappa, A. (2020).

Semi-ring of fuzzy matrices introduced by Sriram S.
and Murugadas P. In the current paper our prime intention
is the introduction of a novel concept of fuzzy matrix on
compatible norm SFM,.

The authors generalized a semi-ring fuzzy matrix and we
recall the definition explained. In the semi-ring properties on
SFM, explained and some important theorems are proved,
Pappa, A., Muruganantham, P, & Nagoor Gani, A. (2023), Pal,
M. (2024), Nagoorgani, A., & Kalyani, G. (2003), Ragab, M. Z.,
& Emam, E. G. (1995), Sriram, S., & Murugadas, P. (2010).

In this section, we prove generalized semi-ring, fuzzy
matrices and basic definitions have been studied.

Definition 1.1
Generalized semi-ring

A “semi-ring is an algebraic structure (R, +) that satisfies
the properties of an abelian monoid with (identity 0)(R¥)
and a monoid (identity 1). Further, it has the property of
distributive,

over + from both sider0=0r=0forallr€ Rand 0 = 1.

Definition 1.2

An s X 1 matrix with A= [2;;] where the components are
in [0,1] unit interval is known as a fuzzy matrix.

Definition 1.3

|4l is the determinant of an = x = fuzzy matrix A that is
defined as under given:
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|A| =E:7E5..l alﬂl:l)a:t?l::)"'a?!EI:i'!) Where, sn denotes the
symmetric group, which consists of all possible permutations
of the indices (1, 2, ..., n").

Definition 1.4
(compatible fuzzy matrix) FM,

Multiplication of fuzzy matrices is only possible when
the number of columns in the first matrix is equal to the
number of rows in the second matrix.

Definition 1.5
(Compatible Norm [1.11 )
Suppose F,_ isthesetofall nx+ atF =[0,1]. Norms

n

Il I_are defined.

Methodology

we prove that SFM_ in fuzzy algebra as well as form a fuzzy
vector space under the addition, which is done component-
wise, multiplication that is done component-wise, as well as
scalar multiplication (+,©®), is associative and distributive in
F,... Also associative and commutative.

Algebraic Properties of fuzzy matrices with
compatible norm 2.1
For the fuzzy matrix compatible norm is taken into
consideration, then the following properties will hold.
Let any fuzzy matrices A, B, C “then FM_ over F,,,
DINA+B|l.=1B+A]l
i) 141l = 1A 1lg
iii) [l1A+ (B + O)llc = II(A+ B) + C||¢
iv) 14+ B [l = [l4 1l + 1IBll¢
V) llA+B Ilg= llAllc + 1B Il
vi) A+ Al = [IAll;
vii) 14+ 0 [l = 114 |l¢
viii) 14+ Jlle = [Ul1¢
ix) lled ||, =a |4 ||, for any ain [0,1]
X) lled ||II=a ||A]||L for any a in[0,1]
xi) lla(A+B)llc =alldllc+ a||IB |lc for any a in [0,1]
xifllla+ BIAll, =allAll, + 8 Al foralla+ §in[0,1]
xiii) e ||[BA |le¢ = af |lA ||z for any &, f in [0,1]
Remark 2.2
«  A+B={max(a; b; )}’
« AB ={max{min(a; b; }}}

Definition 2.3
A Square fuzzy matrix A in F,,, is defined if A idempotent
Z=A4A(or
llA1IZ=[IAll, where A= [a;]

Example 2.4
0.3 02 06
If ||A|Ic :Io.z 0.1 0.2]
0.3 02 03

Then ||A |le = 02

03 02 06][0.3 02 0.6
|[AJlZ= |02 01 0202 0.1 0.2
03 02 o03llo3 02 03

0.3 0.2 0.3
=102 0.2 02|=02
0.3 0.2 0.3

Therefore ||A

[ = [l4l], = 0.2 (idempotent).

Definition 2.5
Suppose A bein SFM 4 :[ﬂg}-] be the order of n X m overF,,,
called as A°=[1-a;;] , where. 4 = (a;;)

For all i=1 to ™ ,j=1 to 7.Then A° is known as the
complement Matrix of A.

0.5 00 02 0.5 1.0 0.8
If A= IO.]_ 0.9 0.4] then 4°=10.9 0.1 0.6
0.8 03 06 0.2 0.7 04

Theorem 2.6
If Aand B are SFM is “set of all =2 X = over F,,, .We consider
F=[0,1] and any Scalar in [0,1] we have

fnAg. <nAlINZ 0

@O NFAN=NF 0 AN

(i ledz )l < alAl 1Z1]

(iii) I Ax + Bx Il = AT Il + 1| Bx II,

Proof
(i) If m = 1thenorms I\l I, WY, %, F,,, F,.,. respectively,
are compatible if for all

AeT,, ¥eTF,. Let¥ be any fuzzy vector in n X n
overF,, .

Then it is enough to prove that

TyAl=0¥ 0, 1Al

174 =17 1l [a;]

SHFN nAn.
(i) If = = 1 the norms Il NI, 1Y, Forr Fon s i respectively,
are compatible if for all

Ae Tm_z; x E:Fp

If @in [0,1] then a4 = [aa,;]

ledz . = [aa;] X l,

< afa;] 1%,

saldl Nz

- c

(iii)if n = 1the norms Il IFIL, 11, For Fpr Frrom respectively,
are compatible if for all
A Be Tm;; x E,'F?’.

I Az . =[a] I £ l,and | Bx I, =[b;]1 1 X1,
I A% + BT Il = [[a,] + [b]] 1 £ 1.

=[a ] uzn. + b 0%,

=1 AT I, + | BEI."
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Results and Discussions

Semi-ring of fuzzy matrices with compatible norm 3.1
In this section, we prove that SFM_ in fuzzy algebra as well as
form a fuzzy vector space under the addition, which is done
component-wise, multiplication that is done component-
wise as well as scalar multiplication (+,@)is associative
and distributive in F,,.. Also, by using the definition of
comparability of SFM_ some properties are proved.

Theorem 3.1.1

The set SFM_ is fuzzy algebra under component-wise
addition along with multiplication operation (+. @) defined
“as follows if A, B, Care SFM,

«  A+B={max(a;; b;; )}

- A9 B={min(a:; by )}

Proof
A" semi-ring (S,+,®) set S equipped with the 2 “binary
operations (+, ®) and called addition and multiplication.
Also, 14 + @]l = [|Allzand |14 ®F | = lIAlls for all Fu. ,
hence the zero matrix O is the additive identity and also
the universal matrix / is the multiplicative identity. Like this
identity element relative to the operations + and @ exist.
Also [|A + JIl. = IUll; and 114 @O llc = 110]l; Hence
universal bond exists forall 4 € 7,
If 1141l = [8;]nxn, 1Blle = [Biluxs and 1€l = [ nxn
over Tnn
(S+) is a commutative monoid with identity element 0
. 1A+ (B +C)llc= |I(A+B)+ C || (Associativity)
< Jlo+All= llAllc =14 + 0 || (Additive identity)
. [|1A+ B|l: = ||B + 4||." (commutative)

(S,®) is a monoid with identity element J.

- |[AQBIl:@IlICl: =14l @ 11BO Cll¢

o A O = Al =17 © Alle

< 1Al O||A +Bllz = llAll; and [|4]lc + ||A @ Blle =
[|4]] - (Absorption)

Multiplication left and right distributes over addition.

« [AQ B+l =|lAllc @118 +Cllc =A@ Bl +
4 ©clle

« || (A+B) © Clle =114+ BlI:Ollcll: = ||A © C
lle + 11B®Clle

- [[A+(BOOI:=l4+BllOll4A+Cll

If A,Bare SFM, over F,,,and any scalar a, 8in [0,1] we have
« JallA+Bll; =a/OllA+Bllc
=|la(JOA)lc + [la(JOB) ||
=||aAllc + llaBll,
« (a+B) 1Al = (a+B) IVOAll
=||(aJ + BN @IIAll
=[laU@A)llc +11BUOA) I
= ||aAllc + 1BAll.

Remark 3.1.2
If SFM_ is a commutative semi —ring with identity O and J

Definition 3.1.3
Comparable SFM,

Let A=[a;]and B=[b,;] FM over %, Ais “defined
greater than B it IIBIl. = |IAll. B is greater than A if

[lAll. = [IBll. A and B FM, are said to comparable it either
All. < [1Bll.or [IBIl. = 114ll.

Theorem 3.1.4
Let A, B FM_ over F,

n#n

-then [|4][, < |B]l; = |I4 + Bll, = |IBll,

Proof
|A lls < [1B]], then ||A||, + ||B||, max{a,; b;;} = [by] = [,
Conversely, if |14+ B|[. = [|B[|.then a;; < b; that is
141l = lIBll; thus
1Al = IBll, = [l4 + Bll. = |IBll¢

Theorem 3.1.5

Let A,B be FM_ over F,, if ||4]l. = ||Bll. then for any
C e FM, ||ACl|. = |IBCll.andforanyD € FM_||DA||. < ||DB]|,

Proof
If 1Al = IBll.FM. for C is FM, then [IAC||. = IIBC]I,
A= (ay).B =[b;].Cc =[c;] thus ||Ac||. < ||BC]|..

[IDA]|, < ||DB]|, can be proved in this same manner.

Conclusion

This paper examines several properties of fuzzy matrices
with compatible norm (5FM,) are discussed with the
examples. The concept and some properties of semi-ring
fuzzy matrices are also discussed. We anticipate that the
findings presented in this paper will have a profound impact
on other interconnected domains, generating novel and
ground-breaking outcomes.
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