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Analysis of distributions using stochastic models with fuzzy

random variables
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Abstract

The significance of this paper lies in the investigation of a novel method for comparing the expectations of stochastic models in fuzzy
settings. In order to comprehend actuarial science and economical modeling, stochastic models are necessary. The primary benefit of
the paperis to comprehend the novel ideas of stochastic comparison of stochastic models built on the exponential order. We applied the
fuzzy mean inactivity time order definition, solved the preservation properties and theorem, and created a new definition. Applications

involving stochastic models are presented.
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Introduction

Numerous applications in applied probability, statistics,
dependability, operation research, economics, and allied
domains have demonstrated the value of stochastic
ordering. Over the years, a variety of stochastic ordering
and related features have been quickly produced. Let X
be a positive random variable that represents a system’s
lifespan with density function f, distribution coefficient F,
and survival parameter F= 1-F. Given that the system has
already survived up to t, its residual life after t is shown by
the conditional random variable X = (X, X > t), t 2 0. The
anticipated value of X is the mean leftover life (function of
and can be obtained by,

= FC)
1, (2) = X G4 5
0, ¢<o0.
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In several disciplines, namely survival analysis, actuarial
research, and reliability engineering, the MRL function is a
significant feature. It has received a great deal of attention
in the literature, particularly when it comes to binary
systems those in which there are just two conceivable states:
successful or unsuccessful. The hazard rate (HR) function of
X, which is provided by, is an additional helpful reliability
metric.

e

o t = 0.

ry (£)=

The function is very helpful in characterizing how the
probability of witnessing the event varies over time and in
identifying the proper failure distributions using qualitative
dataregarding the failure mechanism. The MRL function has
been shown to be more effective in replacement and repair
procedures, even though the shape of the HR function is still
significant. The HR function only accounts for any potential
of a sudden failure at any given time. Stochastic comparisons
of residual lives and inactive periods at quantiles can be
used to distinguish a family of stochastic orderings known
as transform stochastic orderings in the literature (Arriaza
M.A., etal.,2017). Following that was a brand-new stochastic
order known as the star order, which falls in between the
convex order and the other two transform orderings. A
novel idea for the comprehensive and straightforward
characterization of situations where one Beta distribution
is smaller than another based on the convex transform
order has been proposed (Arab, I, et al., 2021). They derive
monotonicity properties for the probability of a random
variable that is beta distributed and exceeds its distribution’s
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mean or mode as an application. Stochastic comparisons
of vectors with a multivariate skew-normal distribution are
made (Arevalillo, J.M. and Navarro,H.A., 2019). The novel
ordering is based on the canonical transformation linked
with the multivariate skew-normal distribution and the
well-known convex transform order applied to the single
skewed component of that canonical transformation. Three
functional measures of the shape of univariate distributions
are proposed (Arriaza, A., et al., 2019). These metrics are
appropriate with respect to the convex transform order.
To close a gap in the literature (Belzunce F,, et al., 2022).
concentrate on giving sufficient conditions for a few well-
known stochastic orders in dependability while handling
their discrete forms. In particular, based on the likelihood
ratio’s unimodality, they found comparison criteria for two
discrete random variables in specific stochastic orders. The
mean residual life, the bending property of the failure rate,
the reversed hazard rate, and the mean inactive duration
in mixtures have all been explored (Badia, F.G. and Cha,
J.H., 2017). The idea of relative spacings was first developed
(Belz unce, F,, et al., 2017). They demonstrate the relevance
of this idea in several situations, such as economy and
reliability, and we offer various results for evaluating relative
spacings among two populations. Numerous shifting and
proportional stochastic orders have been used (Belzunce, F.,
Ruiz, J.M., and Ruiz, M.C., 2002). To compare certain coherent
structures that were formed from a set of components or
from two sets of components. A new type of stochastic order
has been proposed and explored (Izadkhah, S. and Kayid,
M., 2013). Several fundamental and afterward fundamental
preservation properties of the new stochastic order under
convolution, mixture, and shock model reliability procedures
are investigated. A thorough overview of the theory and
applications of aging and reliance on the application of
mathematical techniques to survival and reliability studies
is provided (Lai, C.D.and Xie, M., 2006). The study of getting
older properties of residual lifetime mixture models and
stochastic comparisons has been enhanced (Patra, A. and
Kundu, C., 2021). They performed stochastic comparisons
of two distinguish mixture models under the likelihood
ratio, hazard rate, mean residual life and variance residual
life orders employing two different mixing distributions
and two different baseline distributions. Recent discussions
regarding the stochastic comparison and aging properties
of RLRT (ITRT) based on variance residual life have led to
new findings regarding the stochastic aging qualities, as
noted (Patra, A. and Kundu, C., 2022). Sufficient standards
for the residual life and inactive time’s log-concavity and log-
convexity have been given (Misra N., et al., 2008). In addition,
we do stochastic comparisons between the inactivity time
and residual life in terms of the typical stochastic order,
the mean residual life order, and the failure rate order. A
well-known MRL order has been introduced and examined
in the literature based on the MRL function (Nanda, K., et

al., 2010). Numerous writers have studied the MRL order’s
uses in survival and reliability analysis throughout the years
(see Shaked, M. and Shanthikumar, J.G., 2007), (Muller, K.
and Stoyan, K., 2022). However, several existing concepts
of stochastic comparisons of random variables are thought
to be generalized by the proportional stochastic order,
according to the literature. Proportional stochastic orders
have been explored by numerous researchers as enlarged
versions of the prominent stochastic orders prevalent in
the literature right now (Ramos-Romero, H.M. and Sordo-
D%az, M.A., 2001). Nanda et al. examined reliability models
adopting the MRL function and conducted a fresh analysis
on various partial ordering effects relevant to the MRL order
(Nanda, K., Bhattacharjee, S., et al., (2010)). The probability
distribution of potential outcomes is its primary concern.
Examplesinclude (Shaked, M. and Shanthikumar, J.G., 2007).,
Markov models and regression models. The modal functions
as arealistic case simulation to gain a deeper understanding
of the system, investigate unpredictability, and evaluate
uncertain scenarios that delineate all possible outcomes
and the trajectory of the system’s evolution. Thus, in order
to optimize profitability, experts and investors can develop
their business practices and make better management
decisions with the aid of this modeling technique.

An Introduction to stochastic orders discusses this
helpful tool, which may be used to assess probabilistic
models in a range of domains, including finance, economics,
survival analysis, risks associated with stock trading, and
reliability. For academics and students wishing to use this
data as a tool for their own research, it provides a general
foundation on the subject. Along with applications to
probabilistic models and discussions of basic properties of
many stochastic orders in the univariate and multivariate
scenarios, detailed proofs of the principal results in several
sectors of interest are provided. In applied probability,
stochastic ordering among random variables has shown
to be an effective method for comparing system reliability.
Stochastic orderings are viewed as a key tool for marketing
decision-making in the face of uncertainty. In order to
create a mathematical or financial model that can find every
possible outcome for a particular circumstance or issue,
stochastic modeling uses random input variables.

Fuzziness

There are two typical scenarios in the real world when
an observed variable gets fuzzy. In the first scenario,
the response variable cannot be measured exactly due
to technical measurement conditions. As a result, data
cannot be recorded explicitly with precise (non-fuzzy)
numbers; instead, it can only be done in linguistic terms
to demonstrate the necessary tolerance to errors in
measurement. The second scenario involves the response to
the variable being given in linguistic forms, such as a farmer’s
report about his products or an expert’s linguistic report,
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which is not numeric. To analyze the experiment, the data
in both scenarios may be represented as a nation of fuzzy
sets. Fuzzy sets theory has to be used to model and manage
the findings from experiments of many applied fields since
the values obtained from experiment outcomes are often
fuzzy. Many people have utilized the fuzzy sets theory in a
variety of scientific areas since Zadeh (1965) introduced it
to the scientific world.

The purpose of this study is to develop hyperbolic
stochastic theories of fuzzy random variables.

A fundamental concept of fuzzy sets and stochastic
ordering, as well as a definition of fuzzy random variables
and fuzzy random vectors, is provided in Section 2, along
with a few definitions and equations. Section 3 defines
stochastic comparison using the stop-loss premium of
the convex order along with the properties of the convex
ordering of the set of fuzzy random variables. The convex
ordering of the set of fuzzy random variables was graphically
depicted in a clear and understandable manner. 3.13.
Stochastic model comparisons aid in the process of making
investment decisions by forecasting results in unpredictable
circumstances, particularly those involving the stock market.
It is regarded as an insurance company that, for example,
based its price list on the exponential principles of premium
computation, using a distribution function in the literature
called inactivity time. This section covers the exponential of
the inactivity order of a random variable and preservation
features under specific dependability operations. With the
aid of a theorem and proof, the continuous non-negative
fuzzy random variable with probability density function is
elaborated. Numerous fields, including agriculture, systems
biology, production, weather forecasting, and biochemistry,
have benefited from the extensive applications of stochastic
models in real life. Ultimately, the question of what practical
uses for stochastic ordering under fuzzy random variables
there are is resolved.

Preliminaries

Definition

Let x be a set of all values. Next a fuzzy set A" ={(x,u_A (x))/

xex} of x is determined by the role it plays in membership

K, : x—[0,11.

The a-cut of the set of is indicated by it’s for every

Oa<) Ay ={xexus(x) = a}.

« For each ac(01 both [xxf] defined as
Xo(@)(0) = inf {x € & k(@)@ = o} AN 4 =sw e %5 ¥ @@ = B are finite
real valued random variables defined on such (Q,A,P)
that the mathematical expectations z¢#) and EGd) exist.

e Foreach, we Q and, ae(0,1], x:(0)(x) = @ and x¥ (0)(x) = B.

If Yand Y~ be fuzzy random variables with fuzzy cumulative

distribution function Fand G  respectively then

© gy YeFR =z ve

o xS Y (PULzoVPHY z 0} {PYE=0)VPEY 2 1))

o X Sq YO E[fGIVEIf (D] S EIfF(YDIV EIF (Y], forall
increasing functions f.

Stochastic Comparison of the Exponential Convex Orders

Definition

Consider two consecutive sequence set of fuzzy random
variables {xuX2 X3 . Xa} and {Yi.Y2 Ys, .., Y} such that,
e XE[p{x1 X2 X2 o xn}] < €TE[@{Y, Yo, Y, .., Y231, for all convex
functions ¢, provided expectations exists. Then the
sequence {xix2xs--.xa} is said to be stochastically
dominant of {Y;,Y2,Ya ...z} in the convex order denoted
as x Seco Y. x= L5k b xfiland Y = [25, 0k v 3.

Properties of Convex Ordering of Set Fuzzy Random
Variables

Let x =[x x] andY = [Y{, Y] be two set of fuzzy random

variables. Then the following conditions are satisfied,

o If @x1.x2.x3 . xn} said to be stochastically dominant of
(Y1, Y2, Y5, Y2} in convex order sense that if X <gqo Y.
Then,

E[{X1.X2: X5, 1 Xn} 1Srco E[{Y1, Y2, s, ., Ya}] @nd
Var[{xs, X2 X3~ Xu} 1=rco Var[{Yy, Ya, Ys, ..., Y}l

o X2 X3 Xl Skco (Y0, Y2, Ya, o Yo and ({20, 25, Zs, ., 23]
isindependent of [{xu xzxs - xn}land [{Yy, Yz, Y5, .. Ya3l- Then,

[0 X2 X3 3] + Y0 Y2, Yo Y] Spco [{¥0, Y2, Vs, o, Y3l + (20,25, Z5, 0, Z03] -

o Let {xux2xs . xn}and {Y1, Y2, Y5, ... Y2} two setof non negative
consecutive fuzzy random variables. Then,

o uxzXz e Xn} Srco (Y1 Y2, Vs, Yud © = (X0, X2 X3 o X} Srco = (Y1, Y2, Ya, oo Vi

« Letx and Y two set of non negative consecutive fuzzy
random variables such thatE(x) = E(Y).Thenx <z Y., Ifand
only if |Ex — 8l <rco |EY — 6] for all SEQ.

«  The convex order closed under mixtures:letxand Y and
Z be random variables such that

o /Z=0l <reo[Y/Z=0] for all @ in the support of Z.
X <rco Y-Then

« The convex order closed under convolution: let
X2, X3 - Xn}and {Y1, Y5, Yo, .., Y} be set of independent
fuzzy random variables. If Xi Srco Yifori=123,...n. Then
XX Zrco XY

« Let xaandY; be a pair of consecutive independent
fuzzy random variables and let Y, and Y, be a pair of
consecutive independent fuzzy random variables. If
Y7 <rco XTYj J =12 then,

[x0 x2 X3 o X} A0 X2 X3 o X <rco (Y1, Yo, Ya, oo, Yo ) {Y1, Yo, Ya, o, Yo 3

A clear illustration of the properties of convex ordering of

set fuzzy random variables by graphical representation can

be found in the following Figures 1 and 2.

Comparisons of Stochastic Models Fuzzy Random
Variables

The integral form has applications in actuarial science,
reliability, and economicsin numerous stochastic comparison
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relations. A class F of measurable functions generates a
stochastic order relation referred to as an integral stochastic
comparison or <g. In particular, given two sets of fuzzy
random variables, {x1, X2 X3, -, xn} and {Y1,Y,, Y3, .., Y, } is said
to be stochastically dominance than {¥3, Y2, Y3, ..., ¥}, in the
F sense, expressed as

El@{x1 X2 X3 s Xn} 1 <7 El@{Y1,Y5, Y3, ..., Y, }] for all the functions ¢ € F,

Foraslong as the presumption in the equation above is met.
Marshal and Muller looked at such stochastic evaluations
in a fairly broad context. The distributions function
fotvae sy and foxyx, ... v, corresponding X to and Y are
ordered, not the particular configurations of these fuzzy
random variables, as should be noted. Here, we revisit the
exponential order as one of these analogies.

Let {xuxaxs-.xn} and uYaYs..¥al be two
sets of fuzzy random variables with distributions
Fonozsmn @ fievoxs..0 @and denote their survival functions
by, Frrarsm = U= frsposzd Y0 Freov, v, vy = (= forovovs. )
respectively. Their exponential functions are defined as,
for all S>0.

Pty a0} (S)= E[e5X2Xsm X)) and i, v, v, .,y (8)= E[e STt TsmTod]

Let us considerand {x1,x2, X3, - xn}and {Y3, Y5, Y5, .., Y, } be
two sets of fuzzy random variables, y is said to be smaller
than Y in the exponential order denoted as,

HHXO)
(@)

10| E—
o173 G0 | R— /

HHX)

xh (x4 (Xg) (02) )

pres)
(b)

AW D) [Fmmrarasnmmssy
HHXE)]

pres)!

x7) x:) X)) @b (%)

Figure 1: (a)- Convex orderings set of fuzzy random variables (b)-
non convex orderings set of fuzzy random variables

o X2 X3 X0} Sreo (Yo Yo, Ya, .., Yo} iFE(e%Y) s finite for some
to >0, and

Pltra i} ) = Opr, v, 17,1, (S), foralls > 0.

Notice also that,

o X2 X3 Xn} Speo {Y1,Y2, Y5, Y} &
®© ,5U & © ,SU I
fo e "F{)(l,)(z,)(s,. d(0)AU <gpo fo e UF{YI,YZ,Q,..,YH)(UMU

This is more important in the idea of reliability. From a
probabilistic standpoint, the exponential order mandates
that the moment-generating functions of the non-negative
random factors X and Y be laid out in chronological order.
Additionally, the exponential order communicates the
collective preferences of all decision-makers via utility
features from the 8(x) = 1 — e~5X. Exponential orders of
fuzzy random variables have numerous meanings in an
actuarial framework. For instance, allows us to consider
a financial institution that uses the quadratic premium
calculation principle as its basis for its cost list. In this
instance, the premium amount X zs (x) related to the risk x is
provided by Y75 (x) =1/$ InE(e**) From the above equation,

0 X2 X3 s Xn} Sepo (Y1, Y2, Y3, Y} D75 (X) = 1/S InE(e™) Spgo %75 (Y) = 1/S InE(e™)

Here are other interpretations, features, and uses of the
exponential order as reported by Stoyan and Muller.
Variables of the type x: = [t — x/x < t] are of significance in
many reliability engineering problems for fixed te(0,Ly)
and Ly = sup {t:F,) <1}, with a distribution function
F.(S) = P[t— x = S/x < t] and a known inactivity time in the
literature.

Definition

Both x and Y are two continuous nonzero fuzzy random
factors with the following attributes: f and g are their
probability density functions; F and G are their distribution
functions; and F and G are their survival values. After that,
the progression of the,

« Exponential of the likelihood ratio defined by ¥ <gzizo Y.

A fl' A f
5 50 (£ k) <mn S B (2089

«  Exponential order of mean inactivity as stated by
X SEgwmiro YI

fot Fy (xfz,xE)dx

t FETR
A& E(et Jo Gy ey
acs,Bs1E(9 ) ( R (L)

A&v tY
)SEM]TO as_gle(e ) ( G OLD

+ Thereversed Hazard rate order’s exponential, stated by
X <emiro Y,

5o (TR oo e (250

- Exponential of the Hazard rate order defined by
X Zgmiro Y,
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Ll 1 .u
Ay tyy [ FxBaXg) A&y iy [ IyWeyg)
a<pe1 E(€) (Fx(xéﬁﬁ) SEHRO qepei E(€7) —463;@}1’));)

«  The mean residual life order exponential, as described
by ¥ <gmro Y,

fat Fy (xf,,x;)dx

fJGy(J’fzJ)’E)dI)

A&v ty
) SEMRLO geper E(€7) ( Ge(yh,¥E)
L

&
e (

Fe(xhxp)

«  Exponential serves as the decreasing order typical
residual life order computed by ¥ <pzmro Xv.

—_—
Io Fy (xivxﬁ)dx) A&y

Iy Gx ek xp)dx
< E(et?) [ —EL
Ft(xL-JTE) —=EDMRLO as<p<l ( )

A&v tx e
asps1 E(e™) ( Gy(xlxf)

Following figure describes the graphical representation of
stochastic orders of fuzzy random variables.

These graphical representations provide these visual
tools in comparing random variable distributions and
stochastic ordering. They offer a natural comprehension of
the strengths and weaknesses and chances associated with
the variables under evaluation. In this study, we look into
the exponential order of the mean inactive time in a fuzzy
setting. The preservation characteristics of the exponential

in activity time order under convolution and combined
operations are next discussed. Subsequently, we provide
multiple applications of shock models and outline a few
basic instances of their use to determine situations in which
the random variables are similar in this series.

We observed that the phrases “increasing” and
“decreasing” were employed rather than monotone non-
decreasing and monotone non-increasing, respectively,
throughout the entire paper. Furthermore, all fuzzy random
variables under discourse are believed to be perfectly
continuous, with 0 and 1 being the usual left points of their
supports, and all expectancies are implicitly assumed to be
limiting whenever they appear.

Preservation Properties

Dependability theory places importance on an order’s
preservation properties under certain dependability
operations. Some features of the exponential of the
inactivity order of a random variable are covered in this
section.

Let x and Y be two continuous non-negative fuzzy
random factors that have the following traits that
distribution functions F and G, survival measures F and G,
and probability density functions f and g, respectively.

3 e B oy
g FG (X g Bl
=
Cd <
e (a) £ b
: i (b)
° i
g ™ £
2 =
R, B i
8 Gl = & X!
= "4 s _
8 EGIUL g Ela
3 z
= o7 —
E F G I(X)] // -g FI(x;)
A y = v
(0] Fe(X5) FelX2) Fe(XD) Fr(X5) 6] FAXESXE) £.0) 1X5)
Fuzzy random variables Fuzzy random variables
é!i[(x};)] § .'[FX[(X:)]
2 (© g (d) e
g E z"/ i."".
g | 7
g £ /:/.?‘
E. E /',/‘.{“'"‘
E E - /’/,-('
& [FIm g LA S
= & 'y ;7 ,
g [Fdxi > [Fd St
2 £° 7
2. g - -
§ [ 2 _!'F,[(X.f,)] &
=" & : ;,
%) Fx2)F(XE) FAXL) F(XY) = Xz F(XL)F(X,) F(x) . F(X3)
Fuzzy random variables HnEzy: T G Sanmhles

Figure 2: (a-d) Graphical representation of stochastic orders of fuzzy random variables
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Wy, (ke x) =

fﬁ
A&v E(e‘”f)( o A(XW )dx)

a=p=1 F (b, x})

And

* —t fotm
B k) =, e EE (ﬁ)

This condition holds true by the previous definition, then

X <emiro Y © %U;gf(xclrrxéf) SEMITO lﬁ;t(yfr,y&‘).

Proposition

Imagine two continuous non-negative fuzzy random
parameters, y and Y, with the following traits that probability
density functions fand g, distribution functions F and G, and
inheriting functions F and G, respectively. Then x Ssmiro Y <

t ] t T
ARV <7f° Bl g )dx) < MY et (71 o O Y5 )dx)
asf=1 Fe(xk, xf) = G (e vp)

Is decreasing t € (0,t,) N (0,t,), forall t > 0.

Proof
Let us observe that

ko) = e

= Ak E(e’”@(m) therefore given t > 0, by

asps1 Fe (el )

f; Fye (xﬁ,,xg)dx
Fi (xgXg)

previous equations X Sgmmo Y &

A&v . f F (xt, xj)dx A&v f Gy (Ve yi)dy
wsp= IE(e X)< o Ft(xa,x/?) ) = wsk= IE( )< 0xGE(,Va yﬁ)

54

Luyg F, d
A&V E(e’t)f) <f0 x Fawy, ) y) oo A&v E(e’t‘{)< o 9x t(xa X ) x)

a<f<1 Gy (Ve V) asf<s1 Gy ObvE)
<

A&v
as<p<1

Jy Fe(xk, x)dx A&
T EMITO

f G (xb, ) dx
R asps

Ge (e xf)

E(e'%) ( E(e'%) (

Is decreasing in t € (0,t,) N (0,t,), for all t>0.

Theorem

Let us take x1.x2 and Z be three continuous non-negative
fuzzy random variables with probability density function
fand g and h distribution function F and G and H survival
functions F and G and H, respectively. Then x: <gmiro Xzand
Zis log-concave then X1 + Z <gmiro X2 + 2.

Proof: By the previous preposition, itis enough to show that
forall 0<t, <t,and x> 0.

A&y ¢ Py, < w— (b, X (&, — w)dudx
a<fs< 5 (J’ f Pl = u— (xbx®)){g(t - u)afudx) Zemiro

A&v . U Py, < u— (xb xS (6, — w)dudx
asf< lE(e ") (f j Plxs < u— (xb, x¥){g(t, — u)dudx)

Since Zis non negative then g(t —u) = 0 when t <u, hence
the above inequality is equivalent to
(&, xIDNf (t, — Wdudx
) 2EMA'TO

A&v ® (i [F, Su-—
pen([ [ oo
a<f<1 o Jo [Fy, <u— (xbx¥)H{g(t, —uw)dudx

Aky E(etn) (f J'tl [Gy, = u = (xe x)1(f (2 — u)dudx)

a<f<1 GFX2 < u— (xkb,x3){g(t; — Wdudx

0 £ t, £t, or equivalently,

[ stenim, @ Ghanioe —waa | [ BEnin, @- G, - wdu)
o L o )

A&v
a=f<=1

[ st @ chrmio —waua | [ BEniE, @- Gl - wdud)
o ) o )

and

A&v
a=f<=1

[ st @ chanioe —waa | [ BEnR, @- G, - wdud)
o L. o )

[ Bt @ chrmio —waua | [ BEniE, @- Gl - wdud)
o ) o

=0

By the well known basic composition formula

a <B = IJ:L1<1LZJ.

Ui<uy

g(t —w) gt —wp)
g9t —w) gt —uy)

[ Bt - G [ EEIE, e - ()

' ' duy du,
[ EEnIE - (et [ Be)E (o~ ()]
0 (]

Seeing that the first determinate is non-positive because

of g's log-concavity and the second determinant being

non-positive due to X; <guiro X2 leads us to the conclusion.

Where x; = { f2] F, (xbxf)} and xo = {oefSy B, (xé x§))

Which is complete the proof.

Lemma
If X1 <gmiro Yiand Xz <emro Y2 whereX isanindependent
fuzzy random variable of x,and Y, is an |ndependent fuzzy
random variable of Y, with probability density function f
and g distribution function F and G and survival functions
F and G respectively. Then the following statements hold:
- Ifx, and Y, have log-concave densities, then
X1+ X2 <pmiro Y1+ Y2
- If x, and Y, have log-concave densities, then
X1+ X2 Sgmrro Y1 + Yo

Proof (i)

—_—
A&V [, B (el xf)dx min
E(et™) (% <paro

asp=1 Fr(el, ) asp=1

TR T
Gy (xL, x)dx

. (Io L) )
Gt(xmx_[;)

The following chain inequality, which is establishing (1),
follows by theorem 2.1:
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X1+ X2 emuro X1+ Yo Semro Y1+ Yo

) Felebxf)dx ) Gy(vhyid
Where, y = 55 E(e%) (foF (k) A) mdY = 28 £ e (IQ 'y (V) y)

Fr(xf,.xE) aspsi Gt()’};.}'ﬁ)
Proof (ii)

The evidence for (ii) is analogous. The following outcome
can be obtained by repeatedly employing lemma 3.8 and
the closure property of log-concaves under convolution.

Theorem

Let us consider {xuxzXs - xn} and (Y. Y2 Y5 ... ¥} be two
sequence sets of fuzzy random variables, X, is said to
be smaller than Y, in the exponential order denoted as,
2ok} <1 Y5, Yar. Ya} and have log-concave densities
foralli, then Y, xi <gwiro 7 Yi-

Where i =1,2,3,..,n

Proof

We shall employ induction to demonstrate the theorem.
Certainly, the result stays true for n = 1. Assume that the
result is true for g =n - 1, that is

n-1 n-1
ZEL X <emiro XIS Vi

A8 IS S (e )ax Ak o Ja 6y (vho)a
Where, ¥ = aSﬁSIE(e X) (7@%)&“;% ) and ¥'= 200, E(e )(7&8};;; y)
Note that each of the two sides of above equation has a
log-concave density. Applying previous lemma the results
follows. The following concepts will be used in the sequel.

Definition
Afunction F,yvix x Y — [0.1]issaid tobeatotally positivefuzzy set
of order 2. Ifforall @1 < @z and B << Bz { (er, az)ex, (Br, f2)eY}

Fyy(ay, B1)  Fyv(ag B2) -0
Fyy(az, f1) Fyy(az f2)| —

Let us take x(8) be a distribution function-containing
fuzzy random variable Fxsand let Y(8) be another fuzzily
distributed random variable with a distribution function.
Fy(sy fori = 1,2, and support R*. The following is a closure
of exponential of inactivity time order under the mixture.

Theorem

Let us take X(68) is a set of fuzzy random variables 6 e R*and
independent of 8iand 8,. If 8, <pr 0, and if x(8:) <pmiro X(62)
whenever §, < 8,, then Y(9,) <guiro Y(22).

Proof

Let F, be the distribution function of x(8,) with i = 1,2.
We know that

J’Ut Fy(ay) (xfx.xg)dx
Fy(xgx)

P ot B (

Again, because of previous preposition, we should prove
that,

TEF 5 (-Gl ) )ax
‘P}i(xé"‘é‘) = a;\gg?’le(em) (‘Ws()(—l”’;)

t—Gelucf) ) is totally positive
order2 in (i,t). But actually

j‘f f:c F)(wi)(t—(xé,,xg))dxdt)

= A&v ty
asﬁﬂE(e )( Ft(t_(xg,x;))

_sav g (B8 Faa (kB dGrop ax
= E(e™)
asf<1 Ft( Ll )

t—(xa,xlg)

f; fow TP;([ (x,%,,x“ﬁf)dc.[mi)dx)

Wi, Ceop)

~ B

v Iy I3 ¥ lox oy, (v ¥ )dxay
= azpe B ( w;[(xa.xg)w;i(yé,y;‘) )
By assumption x(6,) <pmire x(82) whenever 8y < &, we have
that ¥}, (x4 x%) is totally positive order2 in (8,t), while form
assumption (9,) <s.x (8,) follows that yy,(vLy¥) is totally
positive order 2 in (§,i). Thus again assertion follow from the
basic composition formula.

Let {x1, X2, X3, -, Xn} be sets of fuzzy random variables

functions by, furr.x =0~ frrr..m) respectively.
Let a={a,ay a3, ...} and B= {1 Bz ps - B} be two sets of
probability vectors. A probability vector &= {e1, @25, ..., an}
with a;>0fori=123,..,n is said to be smaller than the
probability vector g= {8, 5.8, -, 8} in the sense of discrete
likelihood ratio order, denoted as a; <ps.z B: if

% SDFLR %foralllSiSan
i ]

Let us take X and Y be two continuous non-negative fuzzy
random variables with probability density functions f and
g, distribution functions F and G, and survival functions F
and G, respectively.

¢
Jy @iy, e xax
aFe (<)

J BiGy, Wy )y
FOO) = By e  E(e™) ( e

) and G(1) = LlaﬁvﬂE ™ ( BiGe ey )
Conditions under which x and Y are analogous with regard
to the exponential inactivity time order of fuzzy random
variables are established by the following discovery.

Theorem

Let (tts - n} be sets of fuzzy random variables with
distributions foxtexs-23 and denote their survival
functions by, Fx x.x. x3= (1= Fypm.mi)such that
Xy <gurro X2 <gmiro - <emro Xn and let a={ay, az,a3,..,a,} and
B=1{B1. B2 Ps, . B} such that a; <priz Bi-Letfuzzy random variable
X and Y have a distribution function f; and g, defined by the
previous equation. Then ¥ <gmiro ¥,

Proof: Because of previous preposition, we need to
establish that
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s e [ JoBifin (o) - t) dx s goery (Jo P (b xf) — ) dx
Z" asper E(€X) ( BiF: ((xa xp) - t) <zn asper £ BiF: ((Xa ) - t)
=t . a;Gy, ((x’ “) t) dx) |~ &=t . . f a;Gy, ((x,',,x;;‘) - t) dx
a<ﬁ<1E(e *) < G ((Xa 3 ) a(B<1E(E ) G ((X},,X;}L) _ t)

The aforementioned equation can be demonstrated to
be equivalent to by multiplying by the denominators and
eliminating equal terms.

val e NS (Ghxg) —0) ax A&y oo (1o i, (OGhyg) - t) ax
;;(”SBS 15D ( “iﬁjF:((X&rXE)—f) “asps 15ED aif;Ge ((Y&:YE)—K)

S aee [y wlF (k) - ) dx v il (Ohyg) - ) dx
ZZ(“ <p<1CD ( apr (a0 ) \ese<® O\ (e —0)
Where i # j. Now for each fixed pair (ij) with i < j we have

P Iy G, (Ghovp) - t) ax g, Iy i, (o) = ¢) dx
asfst ACERED) asps1 ACEOED)

+

PO T, Iy aifyGr, (O g) = ) dx L Sy by, ((ckocp) =€) dx
Tlaspst G (Glyt) 1) asfs1 ACEIED)

he <&v< B Jy @B Gr, (04, 35) — t) dx :&v< B Jy aiFr, ((coxg) — t) dx
esfs1 G (Gl -1 asf=s1 F (ko) = 1)

N
P N (Glop) —t)ax W (B (Gdoxp) =) ax
EACEVES G () - 1) asfs1 Fo (o) =)

o i sk e f:uzﬁ,-ay,(@avyz;)fz)w) . fafﬁ,-rx.(<xa.xx)—=)dx)
- (ﬁf“fﬁf“')[<asm“e (o)) s (22

(e (SR e (555

This is non-negative because both terms are non-negative
by assumption. This is the complete proof. The above holds
true maximum value of fuzzy random variable. The same
preservation properties and theorems hold true for other
models like likelihood ratio order, hazard rate order, mean
residual life orders.

Practical Utilization of Stochastic Models

A framework for comparing fuzzy random variable
distributional properties is provided by stochastic ordering.
Fuzzy random variables that indicate imprecision and
uncertainty can be used in conjunction with stochastic
ordering to model and analyze a number of real-world
problems. The following categories of applications for
stochastic ordering of fuzzy random variables are possible:

Risk analysis

It is feasible to evaluate and rank the riskiness of various
financial assets or investment portfolios using stochastic
mandating of fuzzy random variables. By considering the

stochastic dominance relationships between fuzzy random
variables, investors can make more informed decisions
about risk management and asset allocation.

Quality control

Stochastic orders can be used to gauge the caliber of
products or production processes when measurements are
ambiguous orimprecise. Assume that a certain approach or
product is stochastically superior to another. Then, utilizing
fuzzy random variables and stochastic ordering, which may
capture the fuzziness and variability in the quality attributes,
it can be determined.

Reliability analysis

By using stochastic ordering of fuzzy random variables,
reliability engineering makes it possible to compare and
measure the reliability of various systems or individual
components. By taking into mind the stochastic dominance
relationships, engineers can evaluate the performance and
robustness of different designs and make decisions about
system maintenance and improvement.

Insurance and actuarial science

Stochastic orders are useful in actuarial science and
insurance, especially when fuzzy risk models are being used.
They can be used to evaluate the insurance companies’
solvency and financial stability, as well as to weigh the risks
involved in various insurance options.

Decision-making under uncertainty

Fuzzy random variables with stochastic ordering comein use
whenever there is ambiguity and imprecision in the decision
factors and objectives. By using stochastic dominance
criteria, decision-makers can determine which options or
strategies are better based on their distributional properties.

Environmental modeling

Itis feasible to employ stochastic ordering of fuzzy random
variables in environmental modeling and analysis. They
can be utilized for illustration, for assessing the impact of
confusing and imprecise factors on environmental processes
or to compare and rank the pollution levels from different
emission sources.

The aforementioned applications showcase the
adaptability of stochastic ordering in the context of fuzzy
random variables, hence facilitating the examination of
imprecise and uncertain systems in diverse fields.

Conclusion

In actuarial science, one of the most important roles is
the exponential order of a stochastic model. We propose
different preservation features under mixture and
convolution reliability processes of the fuzzy random
variable with exponential stochastic order in the current
study. Applications such as hazard rate order, mean residual
life order, and reverse hazard rate order, all using stochastic
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models, are outlined. Examples are given to show how the
results may be exploited to find the exponential order of
mean inactivity time-ordered fuzzy random variables. Our
findings also have implications for dependability, risk theory,
and statistics. Future studies can take into account the extra
features and uses of this novel ordering.
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